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1. INTRODUCTION

This article explores the properties of some 0-1 knapsack problems. The stan-
dard 0-1 knapsack problem is as follows: Given n pairs of positive integers, (p,,w;)

and a positive integer ¢, find z,,Zy, . ..,Z, S0 as to

n
maximize Y p,z,, (1)

1=1

subject to }n: w,z; < ¢, z,€{0,1}.
i=1

We may consider of + as an indexed item, with associated profit p; and weight w,.
The problem is to allocate a subset of these items into a knapsack with a
capacity ¢ such that the total profit is maximized. The profit-density of an item ¢
is the ratio of its profit to its weight (p, / w,). The mazimum-profit (P ‘) of a knap-
sack problem instance is defined as the total profit of an optimal 0-1 knapsack allo-
cation. There is no polynomial-time optimal algorithm to solve the 0-1 knapsack
problem. However, it does have pseudo polynomial-time optimal algorithms and
fully polynomial-time heuristic algorithms [3]. In the 0-1 multiple-chosce-knapsack
problem [1,8], some groups of items are to be allocated to a knapsack, and at most
one item from each group can be allocated to the knapsack. In the 0-1 multiple:
knapsack problem, some categories of items are to be allocated to a set of knap-
sacks. These problems have been studied extensively for more than 30 years
[5,2,4,6,3,7].

In this article, the correlation between the maximum-profit and some parame-
ters is investigated for the standard 0-1 knapsack problem. The results are
extended to other versions of the knapsack problem. There is no indication having
been noticed that the maximum-profit of a particular instance absolutely depends
on any particular parameter. Instead, the difference in the maximum-profits of
two or more instances, which is referred to as the profit-difference, is easier to esti-
mate in terms of the difference in some parameters. The profit-difference is
estimated for the following conditions:

P1. When the same set of items is to be allocated to two knapsacks with different
capacities. Three variations are studied:

(a) Either the capacities, the total occupied weight of the optimal solutions,

or the inclusive relationship between the sets of items is known.
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simple heuristic algorithm to obtain approximate solutions for the file allocation
problem is as follows.

Step 1. To allocate the first copy of all files arbitrarily to get an initial feasible
solution.

Step 2. To improve the solution by allocating more files to each site indepen-
dently as a standard knapsack problem.

The performance estimation of such a heuristic algorithm, i.e., how close to the
optimal solution an approximate solution is, relies on the knowledge of the largest
possible profit-difference between the knapsack in the original capacity and the
knapsack in the reduced capacity. The property shown in Theorem 2 is useful in

this case.

A very interesting situation arises when the profits and/or the weights of
items are not constants. For instance, in the file allocation problem, the ‘“profit”’
of allocating a file to a site may be dependent on the number of copies being allo-
cated to the system. One simple way to cope with the problem in a heuristic algo-
rithm is to estimate the profit before the allocation, and then to solve the problem.
In some cases, the problem can be modeled as a 0-1 multiple-choice-knapsack prob-
lem, in which more than one choice is available when allocating an item to the
knapsack. The problem is ‘“harder” than the standard 0-1 knapsack problem:
The properties shown in Theorem 3 is useful to evaluate the heuristic algorithms of
this problem. '

This article is organized as follows: the notations used in this article are intro-
duced in the remaining part of this section; the properties of the standard 0-1
knapsack problem and the multiple-choice-knapsack problem are discussed in Sec-
tion 2 and Section 3; as an example, heuristic algorithms with guaranteed perfor-
mance for some special cases of the 0-1 multiple-knapsack problem are shown in

Section 4; and a concluding remark is given in Section 5.

The following notations are defined for the standard 0-1 knapsack problem.

w, the weight of an item 1;
p; the profit of an item 1 if it is allocated to a knapsack;
I the allocation of item ¢ in a knapsack,

z,=

{ 1 if item 1 is allocated to the knapsack

0 if item 1 is not allocated to the knapsack;




(a) ¢, =c¢

1 2’

(b) W(&(c,, D)) = e,,
(c) ¢, = W(A(e,I)),
(d) Wi, D) = W(A(c,D));

E ]
and Pe, = PC; , when the equality in any condition holds.

Proof:

(a) Prove by contradiction. Suppose there exists such two instances that
P:l <P :2 and ¢, = c,, we can always allocate all items that are allocated to the
*
smaller knapsack to the larger knapsack. The total profit is Pcz, which is in turn
» ' 4
greater than P . This contradicts to the assumption that P ¢, is the maximum-
profit of the instance (¢ ,I). Similarly, the theorem can be proved for conditions
(b), (c), or (d).
, If any equaliEy cond‘ition in condistions (a), (b)*, (¢), a?d (d) holds, both
P = Pc2 and Pcl = Pc2 must hold. Therefore, Pc, =P

¢, €y’
a
Corollary 1.1:
Given a problem instance (¢,I) and a set A which is a subset of I,
P = P(A), ifc= W(A).
Proof: If this is false, we can hypothetically create an instance (W(A),A) whose
maximum-profit, P(.&( W(A),A)), is P(A). From Lemma 1.1, we can get
P: > P(&( W(A),A)) = P(A). This contradicts to the assumption that P_ is
smaller than P(A).
a

Lemma 1.2 concerns the profit-difference between two problem instances
when the items to be allocated in one instance is a proper subset of that in the

other instance.
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Proof: If there exists such an optimal allocation A (¢,I) such that
W(A(ec,I))<c—k, we can always allocate into the knapsack another arbitrary
itemn which is not in the knapsack to increase the total profit since the weight of
any item is no greater than k. This contradicts to the assumption that W(A(¢,I))
is the total weight of any optimal allocation.

a

The profit-density is a very important parameter in the standard 0-1 knap-
sack problem. Without the integer constraints, the problem can be solved in poly-
nomial time by simply allocating the items in the descending order of profit-
density and allocating the portion of the last item that fulfills the knapsack. This
algorithm is also a good heuristic if the problem has integer constraints [3]. It is
interesting to know the correlation between the profit-density and the maximum-
profit. Lemma 1.4 states some properties relevant to the profit-density and is used
in the proofs of some theorems in this section.

Lemma 1.4:

For any set of arbitrary positive numbers PPy« oy Py Wy, Wy, - .., w,, if
p, Py p, Pjvy p,
— ==, =~ = Z,.., =2
Wy Wy j Yj+1 n

then

O
M-
S

v
M
=

=
M
&

v

n
> w, ,and
t=7+1

] n
(b) >p = > D,
1=1 n 1=5+1
> w
1=5+1
Proof:
p1+1 pj+1 .
(a) Since p;, = w, and w,=p, ,(1 =1, ,7)and
Wity Wi
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Proof;

(a) Refer to the illustration in Figure 1.

(a.1)  Assume A(c 1)={1,2,..{} is an optimal 0-1 knapsack allocation for
the instance (¢,I), we can find j such that
j
(¢,—Ac—k) = Y w; = (¢, —Ac) since the weight of each item is no
i=1
greater than k. We denote I]. as the set of items {1,2, . . ., j}. and I]_
as (A, 1)-L) = (j+1,... 1}

(a.2)  Since W(I) = (¢;—Ac)and €y = (e;—Ac¢), ¢, = W(l,).
From Lemma 1.1, we know P, = P(A(cZ,I)) = P(Ij).

(a.3)  Since W)= (c, — Ac—k),
W(L)=W(&(c,,1))~ W(I;) =< (Ac+k).

(a.4) From (a.3) and Lemma 1.2, we can get

. P(A(e,,1)~1) = P(I) = P(A(Ac+k , I)) < P(A(Ac +k,I)).

(a.5)  Finally, from (a.2) and (a.4), we get
P +P(R(Ac+k,D) = P(A(e, 1)~ 1)+ P(I,)=P(&(c,,I))=P, .

(b) Similar to part (a), we assume &(cl,l)={1,2,..,[} is an optimal 0-1 knapsack
allocation for the instance (c,,/), and the items are in the descending order of

O l,— y = = v v e d t I d 1 t
i 1 = = PR . enote . 1 .

(a).

€y
(b.1)  We first prove that P: = [ - 1]P(TJ.'). Denote z as
: Ac+k

1
[ —1]. Since W( ;) = Ac+k, from Lemma 1.4(b), we know

Ac+k
R c,—Ac—k c,—Ac—k
| P, = P(I)= ———P([)= ———P(I)) = 2P(I})
‘ W([J‘) Ac+k

| Therefore, we get P; = zP(I).
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¢
€y
Tkl [T 17
............ W(IJ_) T kT
L L b,
1 F
) W(A(e D))
w(I)
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Figure1  TIllustration of the proof of Theorem 1, (Ac=k).

reduction. In Theorem 2, A(c - W(Q), I- Q) is an optimal solution for allocating
the remaining items to the remaining capacity when the set of items @ are already
allocated in the knapsack, while A(( W(Q)+k, I) is an optimal solution of allocat-
ing the set of items I to a knapsack with a capacity W(Q)+k.

Theorem 2:

Given a knapsack instance (¢,/), a set of items @ which is a subset of I, and a con-
stant k, then
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(a.2.4) From (2.2.2) and (a.2.3), we can get
P, = P(X(c,, [-Q))+P(Q) = P(L-Q)+P(QNL) = P(I).

]
(2.3) Similar to Steps (a.3), (a.4), and (a.5) in Theorem 1, we get

P, + PA(W(Q)+k,)= P’

(b) Since W(IJ.) 2 (¢ —W(Q)—k) and W(I]_) = W(Q), we get

P o p Wiz,) W@k (¢
., = PU;) = P(I) = i) = ~L[P(L)
w(I) w(Q)+k W(Q)+k

from Lemma 1.4(b). Similar to Steps (b.2), (b.3), and (b.4) in Theorem 1, we

W +k .
can get P; = [1 - _(Qc)—]P .

(c) Similar to the proof in Theorem 1(c), we can get the approximation.

0
Again, Theorem 2(a) provides smaller bound than 2(b) does, but the deviation
shown in 2(b) is more convenient. The approximation in 2(c) is even more con-

venient.
Summary

In this section, the maximum-profits of two knapsack problem instances are
compared. In most cases, the same set of items is to be allocated to the knapsacks
with different capacities. Some upper bounds of the profit-difference are
presented. The results are extended to the case when some items are already allo-
cated in the knapsack. These properties are very useful to improve some optimal
algorithms and to design good heuristic solutions. It can also be used in the

evaluation of heuristic algorithms. An interesting example is shown in Section 4.

3. TO ALLOCATE DIFFERENT ITEM SETS TO THE SAME KNAP-
SACK

In this section, the properties of allocating different sets of items to the same
knapsack are to be investigated. As mentioned in Section 1, these properties are
useful to evaluate the heuristic algorithms for the multiple-choice-knapsack prob-
lem. We assume there is a one-to-one correspondence between all sets of items,

i.e., all sets have the same number of items.
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Proof: Denote ‘&11 = ‘&(c ,I,) and ‘8‘12 = ‘&(c ,1,). Suppose A&[l is an optimal allo-
cation of instance (¢,I,), we can allocate flz(‘&I.) to the knapsack such that the

B * » » n
profit is P - (pl.l—piz) zP - 37D (p‘.l——piz’) =P - SD (pi.-pig)'

i€A, €A, i=1

m

* n *
Therefore, P, + Z'D (pil—p‘.2) = P, .

1
t=1
[

Theorem 3 is useful to answer the following question: When allocating the
items from one set according to the optimal solution of allocating another set of
items to the knapsack, what would be the possible profit reduction as compared to
the real optimal solution?

Theorem 3:
Given two knapsack problem instances (¢,l,) and (¢,l,),

(a) PUnAL)+ 3D (p,-p,) = Py,
=1

(b) P(le(‘g‘(c’lz))) + é IP,'[_P,'zl = P;l;
i=1

if lIll = ]I2|=n,and w, =w ,1=12...,n.
1 2

Proof: Denote .&12 = .&(c,[z).
(a) Since w, =w,1=12,...,n, f21(4&12) is a feasible solution of (¢,/;). It is

easy to see that

P(IyA ) + 3D (0,-p) = PR )+ S D(p,-p)= P,

i=1 i, €4,

* n *
(b) From Lemma 3.2, we know PI2 + Z'D (p‘.l—piz) = P,l

1=1
Therefore, deriving from (a),
P(fuRy))+ SD (s, -p,) + SD(p,-p;,) = P(f,(&,) + Zlp, ~p; | = Py .
1=1 1=1 1=1
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m n
maximize Y 3 PpiZyi g . ' (2)
g=14=1 :

n
subject to 2wy, =y, VO,
i=1

Ty €{0,1}, and

We may consider that some categories of items are to be allocated to m knapsacks
with capacities ¢,,¢,, . .., ¢_. All items in a category are identical. A profit of Py
is produced if one item of category i is allocated to knapsack {. For convenience,
an item of category + in knapsack [ is referred to as item fi. A knapsack can only
be allocated at most one item from a category, and at least one item from each
category must be allocated to any knapsack. The problem can be easily proved
NP-hard, so fast heuristic solutions as well as performance evaluations are needed.
A heuristic algorithm whose performance can be estimated using theorems

developed in Section 2 and 3 is as follows.

Heuristic Algorithm MK-HEUR
1. An item from each category is allocated to an arbitrary knapsack, such that

n
the total weight of all items in any knapsack is no greater than [‘,,T] k, where

k is the maximum weight of all items.

2. For each knapsack, allocate more items using standard 0-1 knapsack algo-
rithms for the remaining capacity.
a

For simplicity, we assume that the capacity of every knapsack is no less than

[%]lc Otherwise, Step 1 as well as the error estimations must be modified.

Under this assumption, Step 1 is always feasible since each knapsack can hold at

least [—:,'] items and at least ( [_:T] m = n) items can be allocated. In step 2,

either optimal or heuristic 0-1 knapsack algorithms can be used. Since there exist
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MA(C,I) a0-1 multiple-knapsack allocation for an instance (C,I);
MA(C,I) an optimal 0-1 multiple-knapsack allocation for an instance (C.,I);
The following notations are special for MCMK-HEUR:

T the number of choices of each item;

MCMA(C,I) a 0-1 multiple-choice-multiple-knapsack allocation for an instance
(C.I);

-MCM‘&(C,I) an optimal 0-1 multiple-choice-multiple-knapsack allocation for

an instance (C,I);

lig The most profitable choice of item s, (p g, = max p,, );
. 7
]
Ipo the set of items composed of the most profitable choices of items

inlp, I = i) i = 1,2,...,n}

Py the difference between the most profitable choice and the least

profitable choice of an item [, {p? = py, — min p };
0 . J
]
To evaluate algorithm MK-HEUR, we have to know the profit reduction due

to the preallocation in Step 1. It is difficult to compare the heuristic solutions to
the optimal solutions directly. Rather, we compare the profit generated from each
site in algorithm MK-HEUR to the maximum profit that the site can generate if it
is solved as a standard 0-1 knapsack problem. The total difference is larger than
the difference between the heuristic solutions and the optimal solutions. Thus, it
serves as an upper bound, which is shown in Lemma 4.1. For convenience, we refer

to the 0-1 knapsack allocation for all knapsacks as a many-knapsack allocation. In

m
this case, the maximum-profit of a many-knapsack allocation is 3 P(&(cq,0p)).
f=1

Lemma 4.1:
The maximum-profit of a 0-1 multiple-knapsack problem is less than or equal to

the maximum-profits of a many-knapsack allocation, i.e.,

r

P" = P(MA(C,])) = 3 P(&(c.Iy))-
=1
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(a.2)  Denote P(A(co,lg)) as Py. Since W(Qy) = |@Qlk, from Theorem 2(a),
we get

P(A(es=W(Q), I—Qp)) + P(Qy) + P(A((Qy |+ 1)k,13)) = Py, v .
Further, P(A((1+ [ )k , Ip)) = P(R((1@p ]+ 1)k,1))) since

1@l = [+1,

so, P(A(cg=W(Qy), Iy— @) + P(Qp) + P(R((1+ [+ 1k , Iy)) = P;.

(a.3) From (a.2) and Lemma 4.1, we get P(H) + § P(A((1+ I—',n;] Yk . Ih))
=1

(P(R(cg=W(Q), i~ Q) + P(@) + 3 PA(1+ [= 1k , Ip))

1 =1

|
i M3

f

P; =p’ Therefore,
1

v
T M3

PE)+ 3 PR+ [w Dk, L) =P
=1

(b)

From Theorem 2, we know P(H)

fv
M3

* m P9
Then, it is easy to prove that P(H) = P 1- 3 |g
1

O
Unlike Theorem 1(b) and 2(b), the deviation shown in Theorem 4(b) depends not
only on ¢, k, and ¢y, but also on the maximum-profit of some knapsack problem
instances (P;) Intuitively, we can imagine that the total deviation is the sum of
the deviation of each knapsack weighed by the maximum-profit of the knapsack.
Unless we know the maximum-profit of all knapsacks, it is impossible to know the
overall deviation. Therefore, Theorem 4 is almost useless in this case. However, it
is still useful if the maximum profit of each knapsack can be estimated. For exam-
ple, if the maximum-profits of all knapsacks are approximately the same, the devi-

ation is no greater than [ S g ] /j
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These results are very useful to design good optimal and heuristic algorithms
as well as to estimate the performances of the heuristic algorithms of many NP-
hard problems. In Section 4, the performances of heuristic solutions for some spe-
cial 0-1 multiple-knapsack problems are estimated based on the results in Section 2
and 3. Since many resource allocation problems can be modeled as some forms of

the knapsack problem, the results in this article will be very valuable for them.
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by
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ABSTRACT
The properties of some 0-1 knapsack problems are presented. The maximum-

profits, which are the total profits of the optimal solutions, of different problem

instances are compared. When the same set of items is to be allocated to two -

knapsacks with capacities ¢, and ¢, (c:1 = ¢,) in the standard 0-1 knapsack
problem, the ratio of the difference in their maximum-profit to the maximum-
profit of the larger knapsack will never be greater than (cl —c, + k)/ ¢,, Where
k is the maximum weight of the items. Approximately, the ratio of the maximum-
profit of the smaller knapsack to that of the larger knapsack will be greater than
the ratio of their capacities if ¢,,¢,>>k. Similar results are obtained when a
subset of the items are already allocated into a knapsack before the allocation.
Finally, the performances of some heuristic algorithms of the 0-1 multiple-
choice-knapsack problem and the 0-1 multiple-knapsack problem are estimated

based on these results.

INDEX TERMS: Knapsack problem, heuristic, integer programming, multiple
knapsack problem, multiple-choice-knapsack problem.
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(b) The weights of items are not bounded.

(c) The weights of items are bounded by a constant value smaller than the
capacities of the knapsacks.

P2. One set of items to be allocated into an empty knapsack and into the same
knapsack except that a subset of the items is preallocated in the knapsack.
The weight of items are bounded too.

P3. Two different sets of items are to be allocated to a knapsack ( two knap-

sacks with the same capacity).

- P4. The profits of items are non-deterministic before the allocation.

The knapsack problems are important because many resource allocation prob-
lems can be modeled, in one way or another, as a knapsack problem. One such
example is the file allocation problem [9], which is to distribute possibly repli-
cated files to a distributed computer system so that the overall operating cost is
minimized. The underlining model of this problem is very close to a special case of

0-1 multiple-knapsack problem under some special constraints.

As a result, knowing the properties of these knapsack problems is important
for the search and evaluation of solutions. Searching for the optimal solutions of
these problems is time consuming since most of the problems are NP-hard. The
solutions are very likely obtained by some form of exhaustive search such as the
branch-and-bound search. The speed of these optimal algorithms is heavily depen-
dent on the ability to identify those partial solutions that may approach an
optimal solution quickly and those that do not lead to an optimal solution. Unfor-
tunately, this ability is very much dependent on the problems to be solved so that
;rery few general rules can be adopted. Thus, the knowledge on the properties of
these problems is very useful to increase the speed of these searching algorithms.
By knowing the properties of a problem, a searching strategy may be able to
choose shorter paths toward an optimal solution. For example, to solve the stan-
dard O-1 knapsack problem using branch-and-bound search, the property of condi-
tion P2 can be used to estimate the largest possible profit for a partial solution and
to decide whether to further expand it or not. Moreover, it may be possible to con-
vert the knowledge of a problem into good heuristic algorithms. For example,
Theorem 2 in this article shows that to allocate items in the descending order of
profit-density may lead to good approximate solutions for the standard 0-1 knap-
sack problem ( this is a well known fact.) Finally, the properties of these problems

may be very helpful in the evaluation of heuristic algorithms. For example, a
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(e,I) a knapsack problem instance that the set of items / is to be allocated to
a knapsack with a capacity ¢;

A(c,I) a knapsack allocation for an instance (c.D),ie. A={i | z,;=1,i€l};

.&(c I} an optimal 0-1 knapsack allocation for an instance (e,I);

P(A)  the total profit of the set of items A4, P(A)=3p, ;
1€A

W(A) the total weight of the set of items A, W(A)= > w;.

(€A
The knapsacks concerned in this article are indistinguishable unless their capaci-
ties are different. Although the capacity of a knapsack may be greater than or
equal to the total weight of the items in an instance, we generally assume that the
capacity of the knapsack is smaller than the total weight of all items in most

instances.

2. TO ALLOCATE ONE ITEM SET TO DIFFERENT KNAPSACKS

In this section, the properties of allocating the same set of items to two knap-

sacks with different capacities are to be studied. Two instances are compared based
on the knapsack capacities or the total weights of optimal solutions in Lemma 1.1
and 1.2. The correlation between the profit-difference and the capacity-difference
when the weights of items are not bounded is discussed and is shown in Theorem 1.
Similar results are obtained in Theorem 2 when some items are preallocated in the
knapsack.

Basic Properties

Lemma 1.1 compares the maximum-profits of two problem instances when
either the capacity or the total weight of an optimal allocation of each instance to

be compared is known. Recall that ‘&(c,l ) is an optimal allocation of instance
(¢,I) and W(A(c,I)) is the total weight of A(c,I). We denote

P = P(&(c.D)), P, = P(A(c,,I)), and P, = P(&(e,])).

[

Lemma 1.1:
Given two problem instances, (¢,,) and (¢,,I), and arbitrary optimum allocations

A(e 1), Ale,,I),

P =P , if any of the following conditions holds:

¢y C2




Lemma 1.2:;

Given two problem instances (¢y,1)) and (e,,1,),

r *
PCl = Pcz, if ¢, = ¢, and 12C11'

Proof: We can easily prove it by contradiction in a way similar to the proof in
Lemma 1.1.

Knapsacks with Weight-unbounded Items

We are comparing the maximum-profits when nothing is known except the
capacities of the knapsacks being compared. Unfortunately, the profit-difference
can be as high as the maximum-profit of the larger knapsack no matter how small
the difference of their capacities is. This can be easily seen by hypothetically
creating a set of items whose weights are all greater than the capacity of the
smaller knapsack and smaller than that of the larger knapsack.

This property provides little help to our intended objectives since there is
only a small correlation between the profit-difference and the knapsack capacities.
However, these extreme cases may not be very common in the real world and are
very likely manually solvable. In many cases, this correlation is much larger when
the weights of items are bounded. The remaining part of this section is to examine
the problem when this condition holds. Smaller upper bounds can be found in

some cases.
Knapsacks with Weight-bounded Items

The main reason that the profit-difference between two instances may be very
large is because the weights of items are not bounded. Since the knapsack capaci-
ties in many real world problems are much larger than the weights of items, it is
reasonable to examine the cases when the weights of items are bounded by some
constants. In the following theorems, we assume that the weights of all items in

an instance are bounded by a constant value smaller than the knapsack capacity.

Lemma 1.3:
Given a knapsack with a capacity ¢ and a positive integer k (k=<¢), if there is no
item whose weight is greater than k, then the total weight in an optimal 0-1 knap-

sack allocation is greater than or equal to (¢ — k), i.e.,

W(A(e D)) = c—k,if (w, <k, v i€l).
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. . j Pivy Pivy n n
(b) Asin (a), since ¥ p, = > w, and 2w = ¥ p, weget

5 n J

Zp" 2 pk Z wi

i=1 Pjvy  k=ivl j ol n

= = . Therefore, >p = | T > P

§ W n i=1 n k=j+1

S, z w Z

i=1 k=j+1 k=j+1

=]

Now, we are ready to examine the correlation between the profit-difference
and the capacity-difference under the condition that the weights of all items are
bounded to a constant k. If the capacity difference is Ac, Theorem 1 tells us that
(a) the profit-difference between two knapsacks will never be greater than the
maximum-profit of a knapsack with Ac¢ +k capacity; (b) the ratio of this difference
to the maximum-profit of the larger knapsack is less than or equal to (Ac+k)/ €y
where ¢ is the capacity of the larger knapsack; and (c) the ratio of the maximum-
profit of the smaller knapsack to that of the larger knapsack is greater than or
equal to the ratio of their capacities approximately. Notice that the same set of

items is to be allocated to both knapsacks.

Theorem 1:
Given two knapsack problem instances (eI), (e, 1), and a positive integer &
(w, =k, v i€l))

() P, + P(A(Ac+k.D) =P,

. Act+k )
(b) Pczz[l— : J-P and

c1 ¢’

PC.- ¢

2 2
(¢) = —, if €ps €y >>k,
t cl

€y

where Ac¢ =c, ¢,
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(b.2)
4
Pc2 : zP(I;)
2 y
P+ P(I) 2P(I)+ P(I)
. .. y z
since for any positive numbers z,y, and ¢, = yify=z.
y+e z+ec
(b.3)
4 * »
PC2 I)C2 Pc2 ZP(I]_)
= > =
L4 *
PCl P(IJ.) + P(IJ—) Pc2 + P(ID zP(IJ.—) + P(I]_)
z ¢, —Ac — k _ Ac+k
(z+1) ¢, €

(¢) When €,C, >>k, ¢,=c,+Ac+k. After some simple transformation, we can
»

Pcz c2

get =

*

¢y

O

The upper bound found in part (a) is smaller than that of (b), but it depends
on another 0-1 knapsack allocation. It may not be convenient in some applications.
In many cases, the information in the form of normalized deviation as follows is
more useful:

L4

P; - (I—E)Pcl’ (0 =e=1), whereeisa constant.

In this case, part (b) and (c) are more useful since € only depends on k and the
knapsack capacities. By simple calculation, we can derive that the deviation will
never be greater than 50% of the maximum-profit of the larger knapsack as long
as (¢, — ¢, + k) =< 2c¢,. When the capacities of the knapsacks are much larger

than k, the ratio of their maximum-profits (P:2 /P:I) is approximately greater
than the ratio of their capacities (¢, / ¢ ).

To estimate the performance of the heuristic algorithm of the multiple knap-
sack problem mentioned in Section 1, it is important to know how much the
maximum-profit may be reduced when some items are preallocated in the knap-
sack. If we follow the logic in Theorem 1, we can easily derive the similar results

as shown in Theorem 2. Theorem 2 should find an upper bound for this
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(@) P(A(c-W(Q),I-Q)) + P(Q) + P(AIW(Q)+k , I)) = P(&(c,I)) = P,

(b) P(R(c-W(Q),1-Q)) + P(Q)= [ 1 -

(c)

c

W(Q)+k }P*, and

PA(-W(Q),1-Q) + P(Q) _ ¢-W(Q)
* - c

P

yif c,e = W(Q)>>k,

where (w, = k, v i€[).

Proof:
Denote c,=c ~ W(Q), and P; = P(A(c—-W(Q), I-Q)) + P(Q).

(a)

(a.1) Similar to Theorem 1, we assume ‘&(c I)}={1,2,..,4} to be an optimal allo-
cation, then we can find j such that

]

(e—W(Q)—k)= I w = (c—W(Q)). We denote I, as the set of items

1
1

{1,2,...,7}and I;as (A(c,[)—-lj) ={j+1,...,{}as usual.

(a.2) Since W(l)=c-W(Q)and ¢, = ¢~ W(Q), ¢, = W(Ij). It can be
proved that P, = P(&(c,, /- Q))+P(Q) = P(I,) as follows:

case 1: Qﬂlj=®.

We know P(&(c,, ;- Q)) = P(I,~ Q) = P(I) since

€, = W(IJ.—Q) and

PA(c,, I-Q)) = P(&(ec,, L-Q)) = P(&(c,, I,)) from Lemma

1.2. Therefore,

P, = P(&(c,, 1-Q)+P(Q) = P(&(c,, I,)) = P(L,).
case 2: Qanaﬁ@.

(a:2.1) Since I.CI, so (I.—Q)C(I-Q).

(2.2.2) Sincec, = ¢ - W(Q) = W(I;) = W([;,~@Q)and (a.2.1), we
get P(A(c,, /- Q)) = P(&(c,,[;- Q) = P(I,- Q).

(:2.3) P(Q)= P(QNI).
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Further notations are introduced as follows.

I, the t-th set of items. I, = {it|i=1,2, ..., n}
w, the weight of item 4, ;
P;, the profit of item 4;

f “(A) the mapping from the set of items A C I, to the corresponding items in
set I, i.e., f,(A) ={i, | i €L,v i €A, ACL}).
L the maximum-profit of (¢,/,), i.e. P1: = P(.&(c,It)).

Lemma 3.1:

Given two knapsack problem instances (¢,/,) and (¢ o),
P;: = PIZ , if III] = |I2| = n and any of the following conditions holds,

(a) w, = w, and P, Z D, t =12, ...,n;

(b) w, < w, and p;, = P, t =12, ...,n;

(c) w, = w, and P, =P t =12, ...,n.

Proof: Proved by contradiction for all cases.

For (a), if there exists such a pair of instances that P;l < P,;, we can allocate
f2l(A(c ,I,)) to the knapsack such that P(fZI(A&(c 1,))) = P[; > P;L' Thisis a
contradiction.

Similarly, it is easy to prove for condition (b) and (c).

Lemma 3.2:
Given two knapsack problem instances (¢,l,) and (¢,[,),

* n *
P+ 3D (p;—p;)= P,

1=1
if |Il' = |Iz|=n and
w, zw'.,i= 1,2,...,n,
i 2
where
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In the multiple-choice-knapsack problem, the allocation may be done by
arbitrarily fixing one choice for each item first, then allocating them to the knap-
sack as a standard 0-1 knapsack problem. Such a heuristic is also useful in a stan-
dard 0-1 knapsack problem when the actual profits of items to be allocated are
nondeterministic before the allocation. Lemma 3.2 and Theorem 3 are useful to
evaluate such a heuristic algorithm. In Corollary 3.1, the result is extended to the

case that an arbitrary number of sets of items are to be allocated.

Corollary 3.1:
Given a set of knapsack problem instances (e,1)), (¢ Iy), -, (¢,I,), then

P(faB(A(c,Ia))) + i ( max {p‘.j}—- min {pi,«}) = PI;, oB=12...,m
i=1  J ]

if 1l =1nl=,..., =1|=n,

Proof: It is easy to prove from Theorem 3.
a

To use Corollary 3.1, we can imagine that P[; is the optimal solution and the

itemn set ~IOl is the choices chosen before the allocation.

4. A PERFORMANCE GUARANTEED HEURISTIC SOLUTION FOR
0-1 MULTIPLE-KNAPSACK PROBLEMS

A special case of 0-1 multiple-knapsack problem is as follows: Given a set of
positive integers C={C9u=1,2, ...,m}, and n sets of positive integers,

(Pyyr--- »Pgir -+ s P ), fori=12, .. n,findz,,z.,,...,2,, s0asto
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pseudo polynomial optimal algorithms, optimal solutions may not be difficult to

obtain in practical cases. Here, we assume an optimal algorithm is used.

Once the profit of each item is nondeterministic among several choices before

the allocation, the algorithm MK-HEUR can be modified to algorithm MCMK-
HEUR as follows.

Heuristic Algorithm MCMK-HEUR

1. Select one choice for each item either randomly or according to any estima-
tion method. ‘
2. Use algorithm MK-HEUR to solve it.
a
In the rest of this section, we try to estimate the largest possible errors that
the algorithm MK-HEUR and MCMK-HEUR may produce. Further notations are
defined as follows. For clarity, the notations for MCMK-HEUR are not explicitly

shown here. Subscripts are added to the item indices in MCMK-HEUR to indicate
various choices.

I the set of categories, I={1,2, ... ,n};

C the set of knapsacks, C={c,¢,, ..., ¢, }

(C,I) ) the multiple-knapsack problem instance that [ is to be allocated to C;

I the item of category i that is to be allocated to knapsack [, ( called
item f1);

I the set of items to be allocated to knapsack {, [j={I1,12, ..., In};

¢y the capacity of knapsack {;

w, the weight of an item 1;

Py the profit of an item of category ¢ if it is allocated to knapsack {,

( the profit of item f1);

z), the allocation of an item of category & in knapsack {,
(the allocation of item {1),
[ 1 if an item of category i is allocated to knapsack [,
T 0 if an item of category 1 is not allocated to knapsack {;
(cq,Ip) a 0-1 knapsack problem instance that the set of items [j is to be allo-

cated to knapsack | with a capacity ¢y. It may also be written as
(CQ’I);
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Proof: Since a solution of a 0-1 multiple-knapsack problem instance is also a
feasible solution of a many-knapsack allocation, the maximum-profit of a many-

knapsack allocation will never be smaller than that of the 0-1 multiple-knapsack
problem.

a
Similar result for MCMK-HEUR is shown in Corollary 4.1.
~Corollary 4.1:
m
P’ = p(McMA(C,D) = S P(A(cp,I}))-
p=1
Proof: It can be proven in a way similar to Lemma 4.1 based on the result in
Corollary 3.1.
a

Theorem 4:

The largest possible error that algorithm MK-HEUR can produce is no greater
than

(a) $PAO+[=DE, L), if (w, =k v i€l).

p=1

L4

s ™ PQ
b) P |S [ep ] . if (w, =k, v i€l),
1 P

*
0:

(g+1)k
<9

. ¢ = [+ 1, 20d Py = P(A(eq.1y)).

where ¢y =

Proof: Denote Q) as the set of items being allocated to knapsack { in step 1 of
algorithm MK-HEUR and H is the set of items being allocated by algorithm MK-

(P(R(cg—W(Qq), - Qp) + P(@))

i
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Corollary 4.2:

The largest possible error that algorithm MCMK-HEUR can produce is no greater
than

() 3 [P(A((H[%])k,foo)) + éﬁ i (w, < k, v keD);
=1

1=1

A m Py,
(b)) P | X [eo ] , if (w; = k,v i€l) and
1

p=1% P’

(iﬁ; << P(‘&((l-i- [T:'])k , Igo))), where ¢ = (q—:—'pl—)ki q = I'%], and

1=1

*
Py,

= P(&(ey,I7)).

Proof: Similar to Theorem 4, it can be easily proven.

O

Although the heuristic algorithms MK-HEUR and MCMK-HEUR are not very
elegant, it is not difficult to obtain better solutions by modifying them. In this
way, the performance of these improved solutions may be predictable.

5. CONCLUDING REMARKS

In this article, the properties of some 0-1 knapsack problems are explored. In
Section 2, the same set of items are to be allocated to two knapsacks with different
capacities. When the weights of all items are no greater than a constant k, the
smallest profit-difference we found in this paper is the maximum-profit of a knap-
sack with (¢, —c,+k) capacity or (¢,—c,+k)/ ¢, of the maximum-profit of the
larger knapsack, where ¢ (c,) is the capacity of the larger (smaller) knapsack.
When the capacities of both knapsacks are much larger than k, the ratio of their

maximum-profit (P : / P:l) is greater than the ratio of their capacities (¢, / c,)

[

approximately. The result is extended to the case when a subset of the items ( Q)
is already allocated into the knapsack before the allocation; the maximum-profit
reduction will never be greater than the maximum-profit of a knapsack with
W(Q)+k capacity, where W(@Q) is the total weight of . The deviations depend-
ing on the capacity, ¢, and k are also obtained. The difference of maximum-

profits of allocating two sets of items into a knapsack is also investigated in Section
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