“To apfpeay «~
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Abstract:

In the generalized traveling-salesman problem (GTSP), we are given a set of cities
that are grouped into possibly intersecting clusters. The objective is to find a closed path
of minimum cost that visits at least one city in each cluster. Given an instance G of the
GTSP, we first transform G into another instance G' of the GTSP in which all the clusters
are nonintersecting, and then transform G’ into an instance G” of the standard traveling-
salesman problem (TSP). We show that any feasible solution of the TSP instance G" can
be transformed into a feasible solution of the GTSP instance G of no greater cost, and that

any optimal solution of the TSP instance G" can be transformed into an optimal solution
of the GTSP instance G.
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1. Imtroduction

In the Standard Traveling-Salesman Problem (TSP), we are given a set of cities and
the distances (costs) between them, the objective is to find a tour (which is a closed
path visiting each city exactly once) of minimum cost [1]. In the Generalized Traveling-
Salesman Problem (GTSP), the cities are grouped into possibly intersecting clusters, and
the objective is to find a g-tour (which is a closed path visiting at least one city in each
cluster) of minimum cost {2}.

For many real-world problems that are inherently hierarchical, the GTSP offers a more
accurate model than the TSP. As an example, a traveling salesman may want to visit all
his dealers in the country. To reduce the travéling cost, for each state, he would meet
all the local dealers in only one out of several possible cities in the state. His objective
is then to choose a set of cities, with one city for each state, and a route through them
so that all the dealers can be visited in the minimum cost. As another example, a post
office administrator may want to choose for each residential area, a location out of several
possible ones for a central mailbox in the area, as well as a route through these mailboxes
so that the mail can be collected in the minimum cost. As a final example, in the layout
of a ring network, the designer may have to select for each region, a site out of several
possible ones as the concentrator, as well as a loop through these concentrators so that
all the regions can be connected in the minimum cost. These three problems can all be
formulated as the GTSP.

The GTSP, of which the TSP is a special-case, is obviously NP-hard. Polynomial-
time heuristics are thus needed for solving this problem, especially when the problem size
is large. In this paper, we study those cases of the GTSP for which the distance measures
satisfy the triangular inequality. We develop a set of techniques to transform the GTSP
into the TSP. With this transformation, polynomial-time heuristics for the TSP can be
applied directly to solve the GTSP.

An obvious way to transform the GTSP to the TSP is by decomposing a GTSP
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I-N transformation (Intersecting cluster to Nonintersecting cluster). In the second step, we
transform G’ into an instance G" of the TSP such that there is a one-to-one correspondence
between the tours in G" and the nonredundant g-tours in G’, and such that the tour and
the nonredundant g-tour in any corresponding pair have the same cost. Since, as shown
below, there always exists a nonredundant g-tour in G’ that is optimal, an optimal g-tour
in G’ can be obtained from an optimal tour in G”. We call this transformation the G-§
transformation (Generalized TSP to Standard TSP). Under these two transformations,
any tour in G” can be transformed into & g-tour in G of no greater cost, and any optimal
tour in G” can be transformed into an optimal g-tour in G. If all the clusters in G are
nonintersecting, then the I-N transformation can be omitted, and the G-S transformation
can be applied directly with G' = G.

As shown in the next two subsections, the graph G' is also a complete graph, with a
distance measure satisfying the triangular inequality; neither of these properties, however,

hold for the graph G”.

3.1.  The I-N transformation.

Let G = (V, E) be a graph with clusters Cy, C1,- - -, Cm, some of which are intersecting.
The nodes in V are denoted by 0,1,---,n. Forallz € [n],let $, = {i|i{ € [m], and z € C;};
S is the set of indices of all the clusters containing the node z. We have Cp = {0}; C is
a nonintersecting cluster; and Sy = {0}. For all z € [n], let ¢, = |S:|.

We transform G into a graph G' = (V’/,E') with m + 1 nonintersecting clusters
Cy,C1,y-++,Chy. For each node z in V, we create g, nodes in V'. These nodes are called
the replicas of z, and are denoted by u.;, for all i € S, with u,,; in C!. The edges in E'
are defined as follows. .

(i) For all z € [n}, and for all distinct i,j € S;, we create an edge (u;,i, us,;) of zero cost.
(ii) For all distinct z,y € [n], corresponding to each edge (z,y) in E, we create for all

i€ S, and all j € S, the edges (u,,i,uy, ;) in E' of the same cost.
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By the definition of E', the graph G' is a complete graph. For all z € [n], let h; be a
path of length ¢, 1 that connects all replicas of the node z in some arbitrary, fixed order,
that is, Ay = g4, — gy, — -+ = up,;__,, where for all distinct k.1 € lgz = 1)yin # 44
and ix,i; € S;. We call k, the internal subtour of the replicas of . An internal subtour

has zero cost. For the case that ¢, = 1, the internal path consists of only one node, and

-has length 0.

An example of applying the I-N transformation on a graph G to obtain the graph
G' is given in Figure 1. Note that both G and G’ are complete graphs, but to simplify
the figure, most of their edges are omitted. Figure 1 also shows a g-tour in G and its
corresponding g-tour in G’ (The correspondence between the g-tours in G and the g-tours
in G' is established in Theorem 6.).

Lemma 1 shows that the distance measure on E' also satisfies the triangular inequality.
Lemma 1. The distance measure d (from the set E' to the set of reals) satisfies the
triangular inequality.

Proof. Let a, b, and ¢ be three arbitrary, distinct nodes in V’'. We want to show that
d(a,b) + d(b,c) > d(a,c). There are three cases.
Case 1. The three nodes are the replicas of the same node.

In this case, the edges among a, b, and ¢ all have zero cost. Thus, d(a,b) + d(b,c) =
d(a,c).

Case 2. Two of the nodes are the replicas of the same node, while the third node is the
replica of a different node.

Without loss of generality, we assume that a and b are the replicas of the same node,
say z, and c is the replica of a different node, say y, such that z,y € [n] and  # y. We
have d(a, b) = 0, d(a,c) = d(b,c) = d(z,y). Therefore, d(a,b) + d(b,c) = d(a,c).

Case 3. a, b, and ¢ are the rei)licas of three distinct nodes.

Let a, b, and c be the replica of z, y, and = respectively, where r,y,z € [n]. and
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Lemma 3. Let T = ug0 — Uz iy — Ugyyiy — *** — Bry_y ivey — Ysxaiis = Yzapysivgr —
------ — u, ;. — ugg be a g-tour in G', where m < r < n, and k € [r]*. Assume that
there exists some j € S,, such that u,, ;isnot inT'. Then T* = ug g — tz, i, ~* Usgyiy ~
S Uy, DG b = ug i, U, i, — Ugo, Where {a,b} = {Ug, i) Ueyj)s
is also a g-tour in G’ of the same cost.
Proof. We first assume that a = u,, ;, and b = u,, ;. Since G' is a complete graph,
and since all the nodes visited by T are visited by T*, T* is also a g-tour in G'. Since
(e, ,iysBzy,;) = 0 and d(ts, iy Ueyings) = d(Uzy,jr Uzy,ing )» T° has the same cost as
Ts.

The proof for the case with a = u,, ; and b = u,, ;, is similar and thus omitted. §

Lemma 4 shows that given an arbitrary g-tour T' in G, we can always transform
it into another g-tour T in G’ such that (i) T* consists only of a sequence of internal
subtours, (ii) there is an internal subtour A, in T* connecting all the replicas of z if and
only if T' contains at least one of the replicas of z, and (iii) the internal subtours appear
in T* in the same order as their corresponding replicas first appear in T".

Lemma 4. Let T' = ugg =+ Uz, i, — Ug,,i; — *** =+ Uy, ;, — Ugp be a g-tour in G',
wherem < r < n. Let s, for1 < s < r, be the number of distinct elements in the sequence
Zy,Z2,°"",Z,, and let y1,y2, -, y, be these s distinct elements in the same order as they
first appear in the sequence z1,z2,+,z,. Then T* = ugg — hy, — hy, = -+ = b, —
g0 is a g-tour in G’ of no greater cost.

Proof. By Lemma 2, we can construct from T" a g-tour T in G’ of no greater cost such
that (i) T visits the same set of nodes as T’, and (ii) for all i € [s]*, those replicas of y;
that are in T’ appear consecutively in some arbitrary order in T, and (iii) for all ,j € [s]*,
if # < j, then the replicas of y; precede the replicas of y; in T.

By Lemma 3, we can next construct from T a g-tour Tin G’ of no greater cost such that
(i) for all i € [s]*, T visits all the replicas of y;, with these replicas appearing consecutively

in some arbitrary order in T, and with the union of the replicas of y1,y2,....¥, being all
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the nodes visited by T; and (ii) for all i, € [s]*, if i < j, then the replicas of u; precede
the replicas of y; in T.

Since for all i € [s]*, the order in which the replicas of y; appear iu T is arbitrary.
by making this order the same as the order in which these replicas appear in the internal
subtour hy,, we have T = T*. Therefore, T* is a g-tour in G’ of a cost on greater than

T"s.

Lemma 5 establishes the correspondence between the g-tours in G and those g-tours
in G', each of which consists only of a sequence of internal subtours.
Lemma 5. There is a g-tour upg — hy, — hy, — -+ — hy, — uoo in G', where
1 < 3 < n, if and only if there is a g-tour ugg — y1 — y2 — -+ — Yy, — o in G of the
same cost.
Proof. The lemma follows from the following two properties: (i) any internal tour in G
has zero cost; and (ii) the cost of any edge (a,b) in G is the same as the cost of any edge

in G’ that connects a replica of a to a replica of b. §

Theorem 6 states that any g-tour in G’ can be transformed into a g-tour in G of no
greater cost, and any optimal g-tour in G' can be transformed into an optimal g-tour in
G.

Theorem 6. Let T' = ugp — Ugy i, — Uszyig — *** — Uz, i, — Uo,e be a g-tour in
G', where m < r < n. Let s, where 1 < s < r, be the number of distinct elements in the
sequence 11,Z3, -, T, and let y;,y2,* -, y. be these s distinct elements in the same order
as they first appear in the sequence 21,22, *,2r. Then T = ugo — 1 = y2 — -+ =
Ya — Ug, i & g-tour in G of no greater cost. Further, if T' is an optimal g-tour in G'.
then T is also an optimal g-tour in G.

Proof. Let T* = ugg — hy, — hy, — +++ — hy, — tipo. By Lemma 4, T* is also a
g-tour in G’ of a cost no greater than T'’s; by Lemma 5, T = ugo — y; = y2 — -+ —

Ys —* Ug, i8S & g-tour in G of the same cost as T*’s.
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Figure 2. Example of G-S transformation

tour

index in [m]*. Let ¢;,j, where j € [pi — 1], be the first node in C! visited by T". We show
that T" visits all the nodes in C!' using the complete subtour at ¢;, by establishing the
following three claims:

Claim 1. The path = ¢; j —= -+ — e; = bjj = ai,j = -~ isin T

Since ¢;,j is the first node in C}' visited by T", and since b; ; has only two outgoing
edges, one to a;; and the other to ¢ j, T" leaves b; j to a;j; otherwise, T" would have
visited ¢;,; at least twice. This in turn implies that T"' enters b, ; from e; because bi;
only has two incoming edges, one from a; ;, and the other from e;. Since a;; has only
one intracluster outgoing edge, which is to b; j, T leaves a;,; using an intercluster edge.
Finally, since all the edges connected to e; are intracluster, and all the outgoing cdges of
¢i,; are intracluster, the path = c;j = -~ — & — bij — ai ;= --isin T
Claim 2. T" enters and exits C;' exactly once.

By Claim 1, if T" enters C} at a particular c-node, then it enters the corresponding
b-node from the e-node of the cluster. Since the e-node can only be visited once, the claim
follows.

Claim 8. T" visits C!' using the complete subtour at ¢; ;.

For the case that p; = 1, Claim 3 follows trivially from Claim 1. We thus assume that
pi > 1. In the following analyses, all arithmetics are modulo p;. By Claim 1, T” enters
C! at ¢; j, and exits C!' at a;,j. By Claim 2, T" only enters and exits C¥ once. Therefore,
T" enters all the other c-nodes of the cluster using intracluster edges, and also exits all
the other a-nodes of the cluster using intracluster edges. Since an a-node has only one
intracluster outgoing edge, which is directed to its corresponding b-node, and an c-node
has only one intracluster incoming edge, which is directed from its corresponding b-node,
for all k € [pi ~ 1] such that k # j, the path ajx — bix — cix isin T.

Further, for all k € [p; — 1], ci.x has only two outgoing edges, both being intracluster.
with one to e; and the other to a; x4,. Sincethepath--- = ¢;j = - — € = bij—a ;=

.«-isin T", T" cannot leave c¢; j_; to a; j, but must leave c; j- to €. This in turn implies
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instance into multiple smaller size TSP instances, each of which is defined by a distinct
set of cities, with one city from each cluster. The different TSP instances correspond to
the different possible choices of the cities from the clusters. A tour of any of these TSP
instances is obviously a g-tour of the original GTSP instance. Further, since we assume
that in the GTSP instance the distance measure satisfies the triangular inequality, there
always exists an optimal g-tour that visits only one node in each cluster. Such an optimal
g-tour can be obtained by finding a tour of minimum cost among all the optimal tours of
the corresponding TSP instances.

On the other hand, in the transformations that we develop in this paper, a GTSP
instance is transformed into exactly one TSP instance of larger size. Any tour of this
TSP instance can be transformed into a g-tour of the GTSP instance of no greater cost,
and any optimal tour of this TSP instance can be transformed into an optimal g-tour
of the original GTSP instance. Since this transformation method only requires solving
a single TSP instance of larger size, rather than solving many TSP instances of smaller
sizes, this method is more efficient if polynomial-time heuristics are used to solve the
TSP, but less efficient if exponential-time algorithms are used instead. Another important
difference between the two transformation methods is that in the resulting TSP instance,
the triangular inequality on distance measure is preserved under the first method but not

under the second.

2. Preliminaries

Unless stated otherwise, variables denote positive integers, and graphs G = (V, E) are
complete and directed, with {V| > 3 and with a distance measure d from the set E to
the set of reals that satisfies the triangular incquality (that is, for any three distinct nodes
u,v,w € V, d(u,v) + d(v,w) > d(u,w)). Given any two paths Py =v; - v = +++ — y;
and Py = 1)y — 1z ~ «+» = u; in G, we use P, — P, to denote the path v; ~— vy, —

© =+ ¥; = uy — uz — -+ — n;. For all positive integers k, we use (k] to denote the sct
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{0,1,...,k}, and [k]* to denote the set {1,2,...,k}.

Let G = (V, E) be a graph for which V = {vg,v),...,v,}. The nodesin V are grouped
into m + 1 possibly intersecting, nonempty subsets, Co, C1, ..., Cm, such that Co = {ve};
for all i € [m]*, CoNC; = §; and UR,C; = V. We call these subsets clusters. For all
i € [m], we call a cluster C; an intersecting cluster if there exists some j € {m| such that
j #1i,and CiNC; # 0; and a nonintersecting cluster otherwise. By definition, Cp is a
nonintersecting cluster. A path v;, — v;, = -+ — v;, in G is called a tourif (i) I=n+1;
(i) i = i; = 0; and (iii) for all j,k € []*,i; # ix. The path is called a g-tour if (i)
m+1<1<n+1;(it) ig = iy = 0; (iii) for all , k € [{*,i; # ix; and (iv) for all k € [m]*,
Ci N {viy, Vigy .- -, Viy_, } 7 0. The cost of a tour or a g-tour is given by T dvia s Vin g )
By definition, a tour is a special case of a g-tour.

For the case in which all clusters in G are nonintersecting, we call an edge (v, v;)
an intercluster edge if v; and v; belong to two distinct clusters and an intracluster edge
otherwise; we call a g-tour nonredundant if the tour visits each cluster exactly once. These
three terms are defined only on those graphs in which all the clusters are nonintersecting.

Given a graph G with a distance measure d, the TSP is the problem of finding a tour of
minimum cost among all possible tours in G. Given that the nodes in G are also grouped
into clusters, the GTSP is the problem of finding a g-tour of minimum cost among all
possible g-tours in G. For the case in which each cluster in G consists of only one distinct

node, the GTSP degenerates into the TSP.

3. The transformations

Given an instance G of the GTSP with possibly intersecting clusters, we transform it
into an instance G" of the TSP through two transformation steps. In the first step, G is
transformed into an instance G’ of the GTSP without intersecting clusters such that every
g-tour in G’ can be transformed into a g-tour in G of no greater cost, and every optimal g-

tour in G’ can be transformed into an optimal g-tour in G. We call this transformation the
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z #y # 2. Since the graph G satisfies the triangular inequality, we have
d(a,b) + d(b,c) = d(z,y) + d(y, z) 2 d(z,z) = d(a,c).

Since the triangular inequality is satisfed in all three cases, the lemma follows. §

Lemma 2 shows that if there is a g-tour in G’ that visits two replicas of the same
node in a nonconsecutive order, then we can always construct another g-tour in G’ of no
greater cost, in which the two replicas are visited consecutively in some arbitrary order.
and, except for these two replicas, the two g-tours visit the same sequence of nodes.
Lemma 2. Assume that T/ = ugg — Uz, iy ~* Uza,is = *** = Uzy_igey — Yrain —
Uzpppingr = "0 = Ygpoggiemy ™ Yaiip ™ Uzgggingy = 00 7 Yr.i, ™ Yoo, wherem <r <
n, is a g-tour in G' such that k,1 € [r]*, I > k+1,andz¢ = z1. ThenT* = up0 — Uz, —

Uggyia = — Ugy_ iy @ = D = Uy iy = = Uroyiiny ™ Yo =0T 7

Ug, i, — Ugo, Where {a,b} = {u,, iy, Uz, i}, is also a g-tour in G' of no greater cost.

Proof. We first assume that @ = u,,,, and b = u,,,;,. Since G’ is a complete graph,

G' LT T* is a closed path in G'; since 7" visits the same set of nodes as T', T* is a g-tour in
Co ™ g-tour G'. Further, z; = 1, implies that u,, ;, and u,,, are the replicas of the same node in G.

Thus, we have d(ug, i, 4z,,,) = 0 and d(“thl'nuhu.in-n) = d(uz, ,is» Uzygring ). Further,

by Lemma 1, we have

d(utt-n e Yxpg g ) < d(utl—n i1y “tl.i:) + d(uz,,ipy Uzg)priigr )

Therefore, T* has a cost no greater than the cost of T".

The proof for the case with @ = ug, ;, and b = u,, i, is similar and thus omitted. §

Lemma 3 shows that given any two replicas of the same node, if there exists a g-tour

in G' that visits only one of the two replicas, then we can always construct another g-tour
’

Cy \\u2’3 u4., 3./

in G' of the same cost, in which both replicas are visited consccutively in some arbitrary

LT

order, and, except for the additional replica. the two g-tours visit the same sequence of

nodes.

Figure 1. Example of I-N Transformation
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We next show that if 7’ is an optimal g-tour in G', then T is an optimal g-tour in G.
Assume for contradiction that 7" is optimal but T is not optimal. This then implies that
there is some other g-tour 7= Ugo — 23 — I3 = *++ — Zf — Ugg in G of a cost less than
the cost of T. Thus, by Lemma 5, there is a g-tour ug,0 — by, — hsy = -+ —= by, = ugp
in G' of the same cost as 1's, which is less than the cost of 7. This contradicts the

assumption that 7" is optimal. Therefore, T is an optimal g-tour in G. §

3.2. The G-S Transformation.

We now present the transformation of the GTSP with nonintersecting clusters to the
TSP. ‘Let G’ be a graph with clusters Cj), C}, ..., Ci, all of which are nonintersecting.
For all i € [m], let p; = |C!|. In this subsection, we use v;,0,vi,1,-..,Vip—1 to denote the
nodes in C. We transform G’ into a graph G" = (V", E") also with m + 1 nonintersecting
clusters Cy, CY, ..., Clt,. The nodes in V" are obtained as follows.

(i) For the node vy in Cj, we create two nodes ap,¢ and ¢ in Cy'.

(ii) For all i € [m|* and all j € [p; — 1], corresponding to each node v; ; in C}, we create
three nodes a; j, b;,;, and ¢; j in C!'; these nodes are referred to respectively as the
a-node, b-node, and ¢c-node in G” corresponding to v; ; in G'.

(iii) For all i € {m]*, corresponding to each cluster C in V', we create a node ¢; in C;'.
The cluster Cf consists of the nodes agg and co, and for all i € [m]*, the cluster

C! consists of the node ¢; and all the a-nodes, b-nodes, and ¢-nodes corresponding to the

nodes in C}. All the clusters are nonintersecting.

We next construct the edges in E”. Given any two nodes u,v in G", we say that u is
connected to v if the edge (u,v) is in E".

{1) In the cluster Cy', the node ¢ is connected to agp with an edge of zero cost.

(ii) For all i € [m]*, in the cluster C!, all nodes, except e;, are connected into a cycle

a0 = bio—cio—ai; by —ciy— ... 8p-1 = bip—1 = Cip,—1 = aip; for

all j € [p; ~ 1}, b; ; is connected to a; j; all the c-nodes are connected to e;; and e; is
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connected to all the b-nodes. All these edges have zero costs.

(iii) For all distinct i,k € {m], all j € [p; — 1], and all [ € [px — 1], corresponding to every
intercluster edge (v; j,vx) in E', there is an intercluster edge (a; j,cx,t) in E” of the
same cost.

Note that as opposed to the graphs G and G’, G" is not complete. As a result, the
distance measure on E” does not satisfy the triangular inequality.

An example of applying the G-S transformation on the graph G’ to obtain the graph
G" is given in Figure 2. To simplify the figure, most of the edges in G’ and G" are omitted.
The figure also shows a nonredundant g-tour in G’ and its corresponding tour in G” (The
correspondence between the nonredundant g-tours in G’ and the tours in G" is established
in Theorem 10.).

Since every intercluster edge in E" is directed from an a-node to a c-node, every tour
in G" enters a cluster through one of its c-nodes and leaves the cluster through one of its
a-nodes.

For all i € [m]* and for all j € [pi — 1], let s = ai,j — bi,; = ¢i,j, and let

Bij = Cij = SiGiH1) = SiGAD) T T S & T iy = digy

where the addition is modulo p;. The path t; j visits all the nodes in C}'. We call ;,; the

complete subtour of the cluster C]' at ¢; j. The cluster C! has p; distinct complete subtours.

For the special case of cluster Cff, we define its complete subtour to be co 0 — a@g,0. For

example, in the graph G" shown in Figure 2, the path ¢;1 — @10 — biog—+cio0— e —

b1,1 — ay,1 is the complete subtour of cluster Cy at e1,1-

Lemma 7. A tour visits every cluster in G" using one of its complete subtours.

Proof. Let T be an arbitrary tour in G”. For the cluster CY, since it only has two

nodes ago and cg, T must visit Cy using the path ¢ — @00, which is the unique

complete subtour of Cy.

We next prove the lemma for all the other clusters. In the following, we use — to

denote an intracluster edge and => to denote an intercluster edge. Let 1 be an arbitrary
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that for all k € [p; — 1] such that k # j — 1, T" leaves c;,x to ai,k+1- Therefore, T" visits

" :
C}!' using the complete subtour ¢; j; — 3; j41 — 3i,j42 = *** Si,japi—1 ~* € = bij = ai ;. §

The previous lemma implies that every tour in G” consists only of a sequence of
complete subtours. Lemma 8 establishes a one-to-one correspondence between the nonre-
dundant g-tours in G’ and the tours in G".

Lemma 8. There is a nonredundant g-tour voo — i, j; = Uiy i = *** = Vi jm ~ V0,0
in G' if and only if there is a tour ap,0 — ti,,j, = tis,jy = *** =* tipn,jm — 0,0 = Q0,0 IN
G" of the same cost, where for all k € {m]*, i € [m]*, and j € [pi, — 1]

Proof. The lemma follows from the following two properties: (i) all the intracluster
edges in G'' have zero cost; and (ii} the cost of an edge (z,y) in G' is the same as the cost
of the corresponding intercluster edge in G” that connects the a-node of z to the c-node

of y. §

Given a g-tour T’ in G’ and a node z in T”, we say that r is ¢ redundant node in T'
if there exists some other node y in 7" such that z and y belong to the same cluster in G'.
Lemma 9. There exists at least one optimal, nonredundant g-tour in G'.
Proof. Since G' is a complete graph, there always exists some optimal g-tour T in G’.
If T' is nonredundent, we are finished; otherwise, we want to show that we can always
construct an optimal, nonredundant g-tour from 7’. Assume that 7" is redundant. Let
Ci, where i € [m]*, be a cluster in G' that is visited by T' at least twice. We have
T = vgg — -+ = vj; — - = U= Vi = W~ - = Vg, where j k € [p; — 1], and
u,w € V' (u may equal to v; ; and w may equal to vge). Let T® = vg g — +++ = v;; —
- = u — W — - — v such that except for omitting the node v, T* visits the
same sequence of nodes as T'. T is also a g-tour in G’, with one fewer redundant node
than 7. Since the distance measure on G' satisfies the triangular inequality (Lemma 1),
T* has a cost no greater than T'’s. Further, since T is optimal, T’ and 7" have the

same cost, implying that T* is also optimal. By applying the procedure described above
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repeatedly for r — (m + 1) times, where r is the length of T, we can construct a sequence
of optimal g-tours, each of which visits one fewer redundant nodes than its predecessor in

the sequence, with the last one in the sequence being nonredundant. §

Theorem 10. There is a one-to-one correspondence between the nonredundant g-tours
in G' and the tours in G", with the tour and the nonredundant g-tour in any corresponding
pair having the same cost. Furthermore, an optimal g-tour in G' can be obtained from an
optimal tour in G". ‘

Proof. By Lemma 7, every tour in G” consists only of a sequence of complete subtours.
Thus, by Lemma 8, we can establish a one-to-one correspondence between the tours of
G" and the nonredundant tours of G', with the tour and the nonredundant g-tour in any
corresponding pair having the same cost. Further, by Lemma 9, there exists at least one
nonredundant g-tour in G’ that is optimal. Therefore, an optimal g-tour in G' can be

obtained from an optimal tour in G". g

4. Summary

By the I-N transformation and the G-S transformation presented in this paper, given
an instance G of the GTSP with intersecting clusters, we can transform G into an instance
G" of the TSP such that any tour in G” can be transformed into a g-tour in G of no

greater cost, and any optimal tour in G" can be transformed into an optimal g-tour in G.
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