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Abstract— Flexible Manufacturing System (FMS) suffers
from deadlocks negating the advantages of automation. To
prevent deadlocks from occurring, monitors (incurring
hardware cost) are often added to siphons for them to be
always sufficiently marked. The original Petri net model gets
disturbed and some good states are no longer attainable. It has
been a hot race to synthesize optimal controllers to be
maximally permissive with fewest monitors. Li and Zhou
propose simpler Petri net controllers by dividing emptiable
siphons into two groups: elementary and dependent and
adding monitors for elementary siphons only. In an earlier
paper, the author showed that among all 2-dependent siphons
(depending on two elementary siphons), only one siphon needs
to be controlled by adding a monitor. This greatly simplifies
the synthesis as well as minimizes the number of monitors
required while making the control net maximally permissive.
This paper extends the result to n-dependent siphons with n>2.
It shows that in the set B of n-dependent siphons, there is only
one emptiable (called critical) siphon (analyzed to be the one
with the minimal number of tokens in the unmarked set of
operations places) needs to be controlled while the rest of
siphons are also controlled accordingly. In the worst case, for a
k-compound siphon in the uncontrolled net, the total number
of member siphons in B is k(k-1)(2*k-1)/6.

1. INTRODUCTION

LEXIBLE Manufacturing System (FMS) is a new
type of manufacturing system with a
computer-controlled configuration to automatically
produce different products. There are three main systems in
most FMS: 1. work machines to perform a series of
operations; 2. an integrated material transport system with a
computer to control the flow of materials, tools, and
information throughout the system; 3. auxiliary work
stations for loading and unloading, cleaning, inspection, etc.

To effectively utilize the precious resources, they must be
shared and carefully coordinated among various competing
jobs. This may induce deadlocks, undesirable since it
disrupts the automation involved [1].

Ezpeleta et al. pioneer a class of Petri nets (PN) called
systems of simple sequential processes with resources
(S’PR) [2]. Deadlocks can be avoided by adding a control
place —and associated arcs— to each emptiable siphon S to
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prevent it from being unmarked. However, generally too
many control places and arcs are required.

Furthermore, the system is overly constrained since to
avoid the generation of new siphons, Ezpeleta et al. [2] shift
all output (called Type-2, or source) arcs of each Vg to the
output (called source) transition of the entry (called idle
place) of input raw materials to limit their rate into the
system, called SMSless approach. Consequently, many
reachable states are lost.

Li and Zhou [3,4,21-24] propose the concept of
elementary siphons (generally much smaller than the set of
all emptiable siphons in large Petri nets) to minimize the
new addition of control places. They classify emptiable
siphons into two kinds: elementary and dependent. By
adding a control place for each elementary siphon S, all
dependent siphons S too are controlled too, thus reducing the
number of monitors required rendering the approach suitable
for large Petri nets. However, many good states are lost
since control arcs end at the source transitions to prevent
generating new siphons which disturbs the affected region
more than the maximally permissive approach.

In the two-stage approach proposed by Li ef al. [7], they
first find emptiable siphons (and add monitors) using a
mixed integer programming (MIP) method to avoid
time-consuming complete siphon enumeration (hence more
efficient and structurally simpler than existing ones). Then,
they rearrange the output arcs of the monitors while
preserving liveness to be more permissive.

However, MIP is NP-hard to have exponential time
complexity and all dependent siphons may be derived (and
need a monitor) before any elementary siphon in the worst
case. Also, the number of good states is less than the near
optimal one in [7].

Uzam [8] applies the theory of regions to synthesize
optimal liveness-enforcing supervisors. Ghaffari et al. [9]
propose a synthesis methodology for a supervisor by
exploring the sufficient and necessary conditions (in terms
of plain and popular linear algebra notions) on the existence
of an optimal liveness-enforcing supervisor. Although one
can always achieve such an optimal supervisor (if existing),
it needs complete state enumeration and solving the NP-hard
integer linear programming problem. In addition, some
monitors are redundant.

Uzam and Zhou [10,11] apply region analysis (RG) to a
well-known S°PR. The benchmark reaches 26750 states,
where 21581 are legal, i.e., either good or dangerous states
(i.e., boundary states to reach forbidden regions). There are
5299 elements in the set of marking/transition separation
instances, denoted by Q. This implies that 5299 LPPs
(Linear Programming Problems) have to be solved to find



an optimal liveness-enforcing supervisor with 21581
reachable states in the controlled system. However, |Q|
(cardinality of Q) grows exponentially with respect to the
size of a plant model. It is clearly infeasible to solve |Q]
LPPs for either a sizable net or a small net with a sizable
initial marking.

To relieve this problem, Uzam et al. propose in [10] an
iterative way with less computational cost. They divide a
reachability graph into deadlock-zone (DZ) and
deadlock-free zone (DFZ). A first-met bad marking (FBM)
is selected from DZ at each iteration, then a control place is
added to prevent the bad marking from being reached by
constructing a place invariant (PI) of the Petri net based on
the well-established method by Yamalidou et al. [12]. Uzam
and Zhou further [10] improve the approach in [11] in two
aspects: 1) reducing a net model [13] to construct the
reachability graph with less computational overhead; and (2)
proposing a simplification for the invariant-based control
approach.

This method cannot ensure the optimality in general as it
reaches 21562 states, 19 fewer than the optimal one
representing 0.088%. It is better to avoid reachability graph
by using siphon-based controlled model to reach the same
21562 states.

Piroddi et al. [5,6] synthesize maximally permissive and
minimal redundant supervisors for the well-known S*PR by
controlling a set of selective siphons obtained from solving a
set-covering problem during each iteration to forbid all
critical markings (under which at least one siphon is empty)
and make all uncontrolled siphons controlled. However, as
many as ny inequalities (with ng variables) need to be
solved, where n,, is the number of critical markings.

Furthermore, during each iteration, the method in [14]
must be employed to remove redundant monitors with
exponential time complexity. Thus, the computational
burden remains high.

Also, the controlled net becomes a general Petri net
(GPN) since some control arcs are weighted. The traditional
MIP method cannot be extended to GPN since the presence
of unmarked siphons does not imply deadlocks. Hence,
Piroddi et al. transform weighted arcs into ordinary ones,
which sometimes may cause unnecessary deadlocks as
mentioned in [5,6].

In an earlier paper [30], we categorize emptiable siphons
into basic, compound, control and mixture siphon. Basic
(resp. compound) siphons can be synthesized from
elementary (resp. compound) resource circuit. It [15,30] has
been shown that basic and compound siphons correspond to
elementary and dependent siphons, respectively when the
above basic circuits intersect at a single resource place.

We propose in [30] to optimize the number of monitors
(good states as well) if one adds monitors in the normal
sequence of basic, compound, control, partial and full mixture
siphons. We showed that among all 2-dependent siphons
(depending on two elementary siphons), only one (called
critical) siphon needs to be controlled by adding a monitor.
This greatly simplifies the synthesis as well as minimizes the
number of monitors required while making the control net
maximally permissive.

Furthermore, the computational burden is much less since
there is no need to enumerate all minimal siphons, nor to
build the reachability graph. It requires neither iterations nor
the removal of redundant monitors. In addition, no control
arcs are weighted.

Unlike other works, our method finds the above types of
siphons efficiently as indicated by Lemma 4 in [20] that it is
relatively easy to identify elementary resource (called basic)
circuits ¢, between two neighboring working processes (WP)
and Lemma 6 (all places in any ¢, must be resource places)
in [20] to simplify the search of c¢;. Furthermore, it is easy to
find ¢, (normally formed among adjacent sharing resource
places) when resource places between two adjacent working
processes (WP) are arranged in reverse order with no need to
search circuits containing far-away resource places.

An earlier paper [31] extended the result to n-dependent
siphons with n>2 and showed that in a set of n-compound,
n-control and n-mixture siphons, only one monitor is
needed. Theory has been developed to identify this critical
siphon. For instance, if a control or a compound siphon is
emptiable, then it is a critical siphon.

We proposed [31] to find the critical siphon by inferring
the token distribution (called unmarked) pattern in an
unmarked critical siphon from that of 2-dependent siphons.
This has the advantage of avoiding the computation of new
siphons derived from monitor places since the unmarked
pattern solely determines the controller region (or control
arcs) and the initial marking.

This paper further proposes a maximally permissive
control policy for a subclass of Petri nets based on the above
theory of token distribution pattern of unmarked siphons.

The rest of this paper is organized as follows. Section II
presents the basis (Petri nets and S°PR) to understand the
paper. Section III presents the synthesis of different kinds of
siphons. Section IV motivates the reader using a 2-dependent
system to show that there is a critical siphon and how the
critical siphon is identified. The theory is extended to
n-dependent siphons with examples in Section V. Section V 1
concludes the paper.

II. PRELIMINARIES

A Petri net (or Place/Transition net) is a 4-tuple N= (P, T,
F, W), where P is the set of places, T is the set of transitions,
FGP x T) U (T x P) is called flow relation of the net,
represented by arcs with arrows from places to transitions or
from transitions to places, and W: F — Z  (the set of
nonnegative integers) is a mapping that assigns a weight to
an arc. W(X, y)=0 when no arc exists between two nodes x
and y.

My: P— Z" is the initial marking assigned to each place p
€ P, My(p) tokens. (N, M) is called a marked net or a net
system. In the special case that the flow relation W maps
onto {0, 1}; the Petri net is said to be ordinary (otherwise,
general). The incidence matrix of N is a matrix [N]: PxT—Z
(the set of integers) indexed by P and T such that [N](p, )=
Wit p)-W(p, t) where W(p, f) is the weight of the arc from p
to ¢, and W(t, p) is the weight of the arc from ¢ to p.



The set of input (resp. output) transitions of a place p is
denoted by °p (resp. p°). Similarly, the set of input (resp.
output) places of a transition ¢ is denoted by °t (resp. £*).
Finally, an ordinary PN such that (s.t.) V€T, |t'=|1=1, is
called a State Machine (SM). A Petri net is strongly
connected if "Vx, x’€ (P UT), such that x#x’, there is a
directed path from x to x .

Given a marking M, a transition ¢ is enabled if"pE,
M(p)>W(p, f), and this is denoted by M[#£>. Firing an enabled
transition ¢ results in a new marking M;, which is obtained
by removing W(p, t) tokens from each place p&Et and
placing W(t, p’) tokens in each place p’&t" , moving the
system state from M,to M, Repeating this process, it reaches
M’ by firing a sequence o=t,t,...t; of transitions. M’ is said
to be reachable from My; i.e., My[o>M". R(N, M) is the set
of markings reachable from M,.

A transition €T is live under M, iff VMER(N, M,),
IM’E R(N, M), t is enabled under M’. A PN is live under M,
iff Vt€T, t is live under M,. A Petri net is said to be
deadlock-free, if at least one transition is enabled at every
reachable marking.

For a Petri net system (N, M), a non-empty subset S (resp.

Q) of places is called a siphon (resp. trap) if *SCS*(resp.
0°C*0), i.e., every transition having an output (resp. input)
place in S has an input (resp. output) place in S (resp. Q). If

My(S)= E My(p)=0, S is called an empty siphon at My. A
PES

minimal siphon does not contain a siphon as its proper
subset. It is called a strict minimal siphon (SMS), denoted by
S, if it does not contain a trap. An integer vector Y (with
components Y(p), pEP) is called a P-invariant iff Y=0 and
Y'®[N]=0, where [N] is the incidence matrix.
IY|={pEP|Y(p)#£0} is the support of Y. A minimal
P-invariant does not contain another P-invariant as its proper
subset.

Property 1 [6]: The linear combination of Y; and Y,is a
P—invariant if both Y; and Y, are P—invariants.
Furthermore, if Y is a P—invariant of N, then given an initial
marking My, YM € R(N, My), Y @ M = Y & M, or w(M)
=w(M,), where w(M) = Y ® M (resp. o(My) = Y ® M,) is
the weighted sum of tokens under M (resp. M).

Thus, the weighted sum of tokens in ||Y]| is constant under
all M& R(N, My). For a net N, control policy d; is more
permissive than d, if |R(N,My)/d,[> |R(N,M,)/d>|,where R(N,
M,)/d, means the number of reachable states under policy d,.

Definition 2 [7]: An S’PMR net N is a net that results
from adding a set Py of initially marked places (resource
places) to a set of independent process nets. 1) Each
resource place r is associated with a set of operation places,
H(r). This implies that these operation places require r. 2)
For each input transition t of some pEH(r), there exists an
arc from v to t if *tNH(r)=& (empty set, i.e., input places of t
but not operation places that use r). 3) For each output
transition t of some pEH(r), there exists an arc from t to r if
t*NH(r) =&. A resource place is said to be (resp. non)
sharing if it is used by holder places in more than (resp. only)
one process.

Note that we have used H(r) instead of OP(r) in [7]. H(r)
is also called the set of holder places that use r. Define
H(A)={H(r)| r€A4} as the set of holder places that use
resources in 4.

Definition 3 [2]: An S°PR is defined as the union of a set
of nets Ny=(P;U{p,"} UP, T, F;, W), sharing common places,
where the following statements are true.

1) plis called the process idle place of N;. Places in P;
and Ppr; are called operation and resource places,
respectively.

2) Pr=@: Pi=; p'& Pi; (PU{p"}) NPri=12:,

i) YVpeP, Vt'&p’, Vi€p,Ir,EPp, tMNPr =t Pp
={ry,}; V&P, rNP=r"NP;=C;
i) Vr€Pri, 1 =2. “(p)N Pr: =(p")""N Pr; = .

3) N’; is a strongly connected state machine, where N’;
=(P;Uip’). T, F; W, is the resultant net after the places in
Pr; and related arcs are removed from N.,.

4) Every circuit of N; contains the place p/".

5) Any two nets N; and N;are composable, denoted by
N; o N;, if they share a set of common resource places. Every
shared place must be resource one.

6) Transitions in p;" and p!’ are called source and sink
transitions, respectively.

Define p(r)={r}UH(r) to be the support of a minimal
P-invariant that contains ». Each operation place in an S°PR
(an SPMR) uses a unique resource place, and two
consecutive operation places use different resource places.
S'PMR [17] is a generalization of S’PR by allowing an
operation place to use multiple types of resources. Also,
when entering the next operation place, it may not release
the resource.

In [7], M, for each OC place is set to My(p)= My(S)-1; S is
said to be limit-controlled since M,,;,(S)= minyery, m

The following definitions are from [7]. The reader can refer toM(S)=1.

[7] for more details of the S’PMR model.

Definition 1 [7]: A process net is a strongly connected
state machine (SM) (P, T, F, W, M, with exactly one
initially marked place p’ (job place), such that every circuit
of N contains the place p’. The other places are called
operation places.

Transitions in p”* and ‘p’are called source and sink
transitions of the process net, respectively.

When all tokens in SMS S of an S’PMR flow into the
complementary set of S, denoted by [S], S becomes
permanently unmarked. In fact, S and [S] (if [S] is nonmpty)
together form the support of a minimal P-invariant. When [S]
is part of the support of another P-invariant Yy, the largest
number of tokens in [S], denoted by M,,.([S]), is limited by
My(11 Y. If My(||Yvl)= My(S)-1, S never becomes
unmarked.



In practice, Yy can be achieved by adding a monitor or
control place V, which acts like a resource also having a set
of holder places, denoted by H(V), such that p(V)={V}UH(V)
forms the support of a minimal P-invariant Y} that contains
V. Let Yy (resp. Ys) be the minimal P-invariant associated
with control place V (resp. siphon S) in an S’PMR.
HN=[V]=||Yy||\{V} is called the controller (or restrictive)
region or the set of holder places of V and [S]= ||Ys||\S is
called the complementary set of S.

Definition 4: S is said to reach its limit state when
M([S])=M,..([S])-1; it is limit-controlled iff it is able to
reach its limit state but not able to reach empty state.

[Vs] (resp. [S]) is part of P; the region covered by [Vs]
(resp. [S]) is said to be restrictive since M,,.([Vs]) (resp.
M,..([S])) in the controlled model, denoted by M,,..([Vs]).
(resp. M,u([S])e), is less than that in the original
uncontrolled model. This implies that the restrictive region
should be as small as possible. Note that the larger the
marking, the more states it generates.

To restrict the uncontrolled model as little as possible,
Mox([S])e [1.e., Mo([S]) in the controlled model] should be
as close to M,.,([S]), [i.e., M,u([S]) in the original
uncontrolled model] as possible while keeping the siphon
nonempty. My(Vs)= My(S)-1 satisfies the constraint.

III. SYNTHESIS OF SMS

In [18,20], we show that SMS S can be synthesized from
resource or core subnets of the minimal strongly connected
subnet that contains all resource places in S. The subnet
(denoted by Is) derived from (S, *S) is strongly connected
(SC) and hence contains an SC core subnet Ngywith at least
two resource (or nonoperation) places; mutual waiting
among them deadlocks the system. Is can be built by
attaching directed paths (called handles) H to Ng like a
handle to a tea pot. H is called a TT- (PP-, TP-, PT-) handle
if it goes from a transition (place, transition, place) to a
transition (place, place, transition). Note that S=P(Is) is the
place set of /s and it cannot contain a TT-handle.

A core subnet can be obtained from an elementary circuit,
called core circuit, by repeatedly adding handles. Details of
handles and how an SMS is synthesized from a core subnet
are in [18,20] and omitted here to shorten the paper.

Definition 5: A core circuit c is an elementary circuit from
which I (I-subnet) of an SMS can be constructed by adding
handles upon c. A resource (resp. control) circuit is an
elementary circuit where all non-operation places are
resource (resp. control) places. A resource (resp. control)
siphon is defined similarly. If ¢ contains no control places, it
is called a basic circuit; the corresponding synthesized
siphon is called a basic siphon.

Definition 6: A compound circuit c=c; 0 C3 0...Cp.; 0 C, IS
a circuit consisting of multiply interconnected elementary
circuits ¢, ¢y, ..., ¢, such that ¢;Nc;={ry}, rER (i.e., ¢; and

ci+1 intersects at a resource place r) iff |j-i|=1. Partial
mixture 1 (resp. 2), briefed as p'-M (resp. p’-M), is
synthesized from the core subnet obtained by adding a
TP-handle on c; (resp. c,) side. The resulting siphon is
called a full mixture subnet when no TP-handles can be
added to synthesize a larger siphon. Sk (resp. Sc) the set of
resource (resp. control) places in S. The SMS synthesized
from compound circuit c is called an n-compound siphon S,
denoted by Sy=S; 0 S, 0...5,.1 0 S,. Sy and its associated
control and mixtures siphons are said to be n-dependent
siphons.

Definition 7: [S]°={p|pE[S], “pN[S]= O} is called the
edge set of [S]. The set of siphons with the same [S]° is said
to be in the same set B of n-dependent siphons if each S
depends on n basic siphons.

Definition 8: Siphon S is said to be more critical than
Siphon S’ if S” is controlled after S is controlled but not vice
versa. A siphon S in B is said to be critical if S is emptiable
and the rest of siphons in B are either already controlled or
become controlled after a monitor is added to S. A control
place for the critical n-dependent is called Level n-1 control
place.

For instance, each of a 2-dependent siphon and its
associated control and mixtures siphons are called to be in
the same set of 2-dependent siphons associated with the
n-compound siphon since they satisfy Def. 7. Denote
monitor places for basic siphons as level-1 control places c;.
Similar to resource places, there is a minimal strongly
connected subnet N,; (resp. N, ..., Ngy) that contains all ¢;
(resp. ¢, ..., ¢x) places. New SMS, called level-1 control
siphons, can be synthesized from any strongly connected
subnet of N.; (resp. N, ..., Ng). Repeating this reasoning,
one can construct level-2 (resp. -3, ..., -K) control places, N,
(resp. N3, ..., N, as well as level-2 (resp. -3, ...,-k) control
siphons.

IV. MOTIVATION

This section motivates the reader using a 2-dependent
system by showing a rule that when the critical siphon is
unmarked, the tokens in [S] follow a certain pattern. Any
siphon not following the rule must not be critical. The
n-dependent case will be shown in Section V. To ease the
understanding of the theory, we have restricted the nets to
the following:

Definition 9: A K"-system K=(N, My) is a subclass of S°PR
with k resource paces r;, ry, ..., rySsShared between two
processes Ny and N>. N; (resp. N») uses vy, ra, ..., 1y (vesp. ry
, Viel, -, V1) in that order. A nonshared resource place r’ is
used either by Njor N,, but not by both and My(r’)=1 for any
K. Holder places of r;jin N; and N, are denoted as p; and p’;
respectively. A region mwin K is a set of resource places that
are strongly connected. Let r&Em. r is called a lower (resp.
upper) edge place of m if (r’'MTy) "‘Na=< [resp. “(rMNT;)



Algorithm: Controller Synthesis for A K™-system
INPUT: An uncontrolled K™-system.
OUTPUT: Maximally permissive controlled model

2. For each n-dependent region (n>2) ©,
2.1 For each nonboundary place in O,

2.2 For each boundary place in ©,

My(S)-6 where 0 is defined in Proposition 1.
3. Output the resulting controlled model.

Figure 1. The Controller Synthesis Algorithm

1. For each basic siphon, add a monitor V with My(V)= My(S)-1

Follow Proposition 1 to find its token distribution,

Find all possible exchange operations and corresponding token patterns.
2.3 Combine token patterns obtained in Steps 2.1 and 2.2. For each such a token pattern, add a monitor with My(V)=

Nra=J)]. r is called an internal place of wif r is not an edge
(lower or upper) place. An internal r is called singular if
Myr)=1. A singular place is called lower (resp. upper)
boundary if the place in (r'MTy) "Nt (resp. ('rMT;) Nn) is
neither singular nor edge.

Associated with each region 7, there is a siphon S with
Sg=m since 7 is strongly connected [20].
As shown in [31], the following rule holds:

Proposition 1: Let (N, M) be a k"-system and all lower
order (than K"-system) system has been controlled by adding
monitors to critical siphons. S is an emptiable siphon and
IMER(N, My) such that M([S])= M, ([S]), then Vr; in S,
the token distribution (called unmarked) pattern is as
follows:

1) riis a lower edge place:

M(r) =0, M(p;) =0, and M(p’;) =M (7).
2) r;is an upper edge place:
M(r) =0, M(p;) = My(ry) , and M(p’;) =0.
3) r;is an internal place:
a) r; is a shared resource place:
i) if My(ry)=1, then M(r;) =1 and M(p;) = M(p’;) =0.
ii) if My(r)>1, then M(r;) =0 and M(p;) +M(p’) =
Mo(rl‘).
b) r;is a non-shared resource place,
then M(r;) =0 and M(H(r;))= My(r;).

4) There is only one emptiable siphon S in the set of
k-dependent siphons.

5) Muu(IS])= My(R(S)) — 6, where 6 is the number of
internal resource places r; (i.e., r#r; and ., r#r) with
My(r;)=1.

6) The number of emptiable siphons is k(k-1)/2.

If a siphon in the set of these n-dependent siphons does
not follow the above unmarked pattern, one can conclude
this siphon is not critical. In an earlier paper [10], we show
that if all basic siphons are controlled, some compound
siphon is also and may not need a monitor. The converse is
not true; even though a compound siphon is controlled; all
basic siphons remain uncontrolled and each needs a monitor.

V.CONTROL POLICY

This section develops a maximally permissive control policy
based on Proposition 1 or the token pattern for unmarked
siphons. Some live states will get lost or the controlled net is
not deadlock-free if one just follows the token distribution in
Proposition 1 to add monitors and examines some k™-system
to further illustrate the control policy. An example is shown
in Fig. 5.a. It reaches 1060 states losing 166 good states by
adding a monitor V to each critical siphon with [V]=[S]. This
is because there are other token distributions when the
siphon is unmarked such as the one obtained by exchange
operation mentioned earlier.

Consider token distribution M’y =2p, + 2(p,@p’y) +2p’s
for S with Sg={p7, ps, pe, P10}, where 2(p,® p’,) indicates
that p, + p’4=2. Adding a monitor V with [V] = ¥ does not
prevent S from becoming unmarked, which can be reached
by (exchange operation) moving a token from p, to p;
(associated with singular place pg) so that M’y =2p, + p;+
p’++2 p's — another forbidden state besides M ’y. Both can be
prevented by setting [V]=[S]={p2 ps ps P’s, P’s, p's}(since
[S] should not have holes), but it reaches 1060 states, while
there are 1126 live states among all 1432 reachable states.

Note that we cannot move a token from p, (on the opposite
side of p; in contrast to p,) to p; since then the siphon S with
Sr={ps, pe, P10} becomes unmarked which is impossible
since S has been controlled by adding a monitor.

To reach more states, all possible unmarked sets of
unmarked operation places must be considered to add a
monitor accordingly. They can be identified by finding all
possible exchange operations.

Now we give a detailed picture of the controlled model.
Note that the above exchange operation cannot be extended
to the WP2 side by moving a token from p’, to p; since
M’(p’;)=0. Thus, there are only 2 possible exchange
operations, which have been listed above.

Similar discussion applies to the singular place p;obased on
the above controlled model. Consider token distribution
M*l]/*:pj’ + p4@p’4 +2 p’é for S*with S*R:{pg, P9 Pio p]}
Adding a monitor V* with [I'*] = ¥* does not prevent S
from becoming unmarked, which can be reached by



(exchange operation) moving a token from p’, to p’;
(associated with singular place pi¢) so that M*p = p;@ p 5+
p++2 p's — another forbidden state besides M*y+. Both can
be prevented by setting [V¥|=[S*]={ps, ps P4, P’s, P's
}([S*] has no holes; S* is a resource siphon). Note that there
is no need to compute S* to find [S*]. By adding a monitor
for each of ¥* and ¥, the resulting model reaches 1120
states.

Finally, consider the last level monitor with both singular
places ps and p;y. With 2 possible ¥ for each singular place,
there are four possible sets of unmarked operation places.
The resulting model reaches 1126 states which is maximally
permissive. The controller synthesis algorithm is
summarized in Figure 1.

VI. CONCLUSION

This paper further proposes a maximally permissive
control policy for a subclass of Petri nets based on the theory
of token distribution pattern of unmarked siphons in [31].
This has the advantage of avoiding the computation of new
siphons derived from monitor places since the unmarked
pattern solely determines the controller region (or control
arcs) and the initial marking. As a result, this results in fewer
monitors and more reachable states. Future work should be
extended to more complicated nets.
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