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ABSTRACT

This paper develops a new distributed algorithm that uses Node-
join-tree approach for the minimum spanning tree problem in a com-
munication network. The algorithm needs at most (2e + n(n—1)y4)
messages in O(n?) time on a general random graph. In the best case,
.it needs only 2e messages in O(logn) time. The parameters e and
n are the number of edges and the number of nodes. Most existing
-algorithms use a Tree-join-tree approach and require at least
(2¢ + 2 n log n) messages and at most (2¢ + 5 n log n) messages.
Although the worst case performance of proposed algorithm is not
! better than Tree-join-tree algorithms under some extreme cases, it pro-
vides better performance in most cases as shown in our simulation
study. The proposed algorithm is initialized from a single node such
“that there is no need to wake up all nodes at the beginning. Further, the
algorithm is less complicated than other algorithms such that a reli-
able implementation is easier to achieve. Our results can be used to
improve the algorithms for many other problems in distributed comput-
ing, such as Leader-election, node-counting, Deadlock-resolution, and
Message-broadcasting.

1. INTRODUCTION

Given a graph with a set of nodes and a set of weighted edges,
the Minimum weight Spanning Tree (MST) is the set of edges that con-
nect all nodes into a tree with the minimum of total weight.3 The Dis-
tributed Minimum weight Spanning Tree problem (DMST) is to find a
minimum spanning tree in a communication network with minimum
number of messages. Each node in the network knows only its adjoin-
ing edges initially, executes the same local algorithm, and knows which
of these edges are on the MST at the end.” The nodes in the graph are
initially asleep. In our algorithm, one of them wakes up to initiate the
algorithm. There is no need to wake up all nodes to initiate the algo-
rithm. Every other node is waken up by the first message sent from its
neighboring nodes. After waken up, a node executes a local algorithm
which consists of sending messages over adjoining links, waiting for
incoming messages, and processing. Messages can be transmitted
independently in both directions on each edge and arrive after an
unpredictable but finite delay, without error and in sequence.”

The DMST is one of the most important problems in distributed
computing systems. The Leader-election, Deadlock-resolution, Node-
counting, and Message-broadcasting problems are the examples that
can be modeled as a DMST problem. A MST provides the most com-
munication efficient solution to these problems. Other examples can be
found elsewhere.2

Current best approach to solve the problem is to iteratively join
the fragments of an MST into a complete one, called the Tree-join-tree
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-approach for convenient. In this approach, an MST grows in a way like

an MST grows in Prim’s and Dijkstra’s sequential algorithms.5 !0 The
worst case complexity of this approach is approaching its theoretical
limit.8.1 This paper proposes a different approach, called the Node-
Join-tree approach, to improve the average case performance. In the
new approach, a single MST fragment grows from a single node to a
complete tree. In this approach, an MST grows in a way like an MST
grows in the Kruskal’s sequential algorithm.5 In the best case, the algo-
rithm needs only 2e messages. Under some conditions, the worst case
message complexity is comparative with the Tree-join-tree approach.

This paper is organized as follows. Some definition and proper-
ties of MST are described in the rest of this section. Previous work is
given in Section 2. Section 3 details the new proposed algorithm with
a brief description of the communication network model. Its correct-
ness and performance are discussed in Section 4. The conclusion and
future work are given in Section 5.

Definitions and Properties of MST

A connected subtrec of an MST is called a fragment, which is
also an MST with respect to the subtree. An edge is an outgoing edge
of a fragment if one adjacent node is in the fragment and the other is
not. An edge in a particular MST is referred to as an M-edge of the
MST. Given any MST, a consistent precedence relationship among
all nodes with respect to any node, called the root, is uniquely
defined. The defined precedence relationship is referred to as the
rooted-MST with respect to the tree and the selected root. For a node in
a rooted-MST, the edges (not necessary to be M-edges) connected to
its preceding nodes (resp. succeeding nodes) are referred to as the
upward edges (resp. downward edges). An upward M-edge (resp.
downward M-edge) of a node is called an up-hook (tesp. down-hook)
of the node. Each non-root node has a unique uphook. Other edges
are called noward edges. With respect to a particular rooted-MST,
the up-end of an M-edge is the end connected to the parent node and
the down-end is the end connected to the child node. An example of
rooted-MST with a 10 node netowrk is shown in Figure 1. Node a is
the root node of the rooted-MST shown in the graph. With respect to
node f and the rooted-MST, a and e are the preceding nodes; k, i,
and j are the succeeding nodes; (f, a) and (f, ¢) are upward edges;
(f,h),(f,i) and (f,j) are downward edges: (f,c), (f.d) and
(f.g) are noward edges; (f,e) is the up-hook; and (f, 4) and
(f , i) are down-hooks.

Some important properties of an MST in a graph are summarized
as follows.

P1. Each node defines a unique rooted-MST rooted by the node.

P2. With respect to a particular rooted-MST, cach non-root node has
exactly one parent node, and may have more than one chiid
node.
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- ing process iteratively until the end of the icration when there is no

node wants to hook to M. A complete MST is formed if all nodes arc
included in M. Otherwise, the minimum outgoing cdge of M is deter-
mined, called the core of the iteration, and M hooks itself to the node
at the other end of the core. The newly selected node is designated as
the new root node to initiate a new iteration. This procedure is repeated
until a complete MST is found.

There are two methods to identify the minimum edge for a frag-
ment. In the first method, called short-message method, the messages
in the communication network have a very limited capacity such that
only minimal information can be carried in the messages. All nodes in
a fragment have to cooperate to each other to identify the minimum
weight outgoing edge. In this method, the fragment itself is used as a
comparing tree, The root node sends messages to all terminal nodes
to initiate the process. Each terminal node sends its identification and
the weights of its minimum outgoing edge to its parent node. Each

.non-terminal node then selects the one with the minimum weight

among its descendents and reports to its parent node. The minimum
edge will be selected by the root node of the fragment finally. The root
node notifies the selected node to terminate the process. Since all
nodes in the fragment are involved in the process, at least 2m mes-
sages are required to identify the minimum weight outgoing edge,
where m is the number of nodes in the fragment. This method is
employed in most Tree-join-tree algorithms and needs up to 5n mes-

sages in each iteration. The details of this method can be found in

Gallager’s paper.’

In the second method, called long-message method, each message

. has a larger capacity to carry more information for the minimum out-

going edge identification. Although this assumption is not generally
true in all distributed computing systems, but it is valid in many practi-
cal communication networks, in which a fong message may have the
same or close overhead as a short message due to the inevitable net-
working overhead. As a mater of fact, the communication overhead is
usually counted in packets which may have a capacity up to 1000 bytes
in many networks. In this long-message method, the identification of
all nodes adjacent to M and the weights of the edges connecting these

. nodes to M are sent to the root nodé in the replying messages. The

i
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minimum edge and the new root node are identified by the current
root node itself. Then, the entire information is forwarded to the new
root node. There is no need to collect the information again in latter
iterations. The information can be split into several messages if the

: information to be carried exceeds the capacity of a message. Although

this will increase the message count slightly, this method remains a

| practical alternative in many systems.

Only the long-message method will be detailed in this paper
since the short-message method has been extensively studied.

33. Algorithm DMST-NJT

For convenient, the following colors (states) are used to mark the
edges and nodes during the tree growing process.
Red: The edges not in M but connecting nodes in M are marked
red. In other words, including any red edge into M will
creat a cycle in M.

:Green:  The first root node and all non-root nodes of M are marked

green. All but core edges of M arc marked green.

" Blue: All root nodes except the first one are marked blue. All

core edges are marked blue.

Yellow: The node that is adjacent to M and has rejected at least one
"Follow-me’ message is marked yellow. The edge connect-
ing a yellow node to M is marked yellow.

yellow nodes may change to either green or blue and yellow
cdges may change (o either blue or red.

White:  All other edges and nodes are marked white.

Note that there is no red nodes since every node must be in M
eventually. Only red, blue, and green are permanent. Comparing to the
state definitions in Gallager’s paper, green and bluc edges arc the edges
marked as Branch; white and yellow edges are the edges marked as
Basic; and red edges are the edges marked as Reject.

The algorithm to be executed in each node is detailed as follows.
Step 1 and Step 5 are only executed at the root node of each iteration.
While Step 2 to Step 4 are executed at other nodes.

0. Initially, all edges and nodes are marked white. All nodes are in
the state 'Aslecp’. An arbitrary node waken up as the first root
node and mark itself green. The node then executes Step 1 to
initiate the process.

1.  The new root node sends a 'Follow-me’ message to each of its
neighboring nodes except those already in M and then enters the
state *Wait-for-terminate’.

2. Upon receiving a 'Follow-me’ message from a particular edge, a
node is waken up and enter the state 'Wait-for-draft’ if it is in
the state 'Asleep’. Once it is waken up or is already waken up,
it executes one of the following steps:

(a) If it is alrcady in M and is in the state *Wait-for-reply’, it
marked the edge red.

(b) [f it is already in M and is in the state *Wait-for-draft’, it
replies a 'Red’ message and marked the edge red. ‘

(¢c) If it is in the state 'Wait-for-draft’ and its minimum edge
is not emanating to the drafting node, it replies a 'Yellow’
message with the identity of the node itsclf. The edge and
the node itseif are marked yellow.

To reduce overhead, a yellow node can reply with a "Red’
messages and mark the edge red if the weight of the edge
is not smaller than that of yellow edges it has marked.
Yellow nodes are the neighboring nodes of M. They are
waiting for the drafts from other nodes or for a chance to
be a new root.

(d) Otherwise, its minimum edge js emanating to the drafting
node. The node decides to hook itself to M as a new ter-
minal node of M., All yellow edges adjacent to the node
are changed to red. Then, it initiates a new drafting pro-
cess by sending a 'Follow-me’ message to all neighboring
white edges. Finally, it enters the state *Wait-for-reply’
and waits for the replies.

3. Upon receiving a reply from an edge, a node in the state *Wait-
for-reply’ will mark the edge according to the color of the reply-
ing message. It will either keep wiating or execute Step 4 if all
replies have been received.

4.  Upon receiving all replies, a node marks itself and the edge
emanating to the drafting node as green and reports a 'Green’
message 1o the drafting node. Then it enters the state "Idle’. As
a matter of fact, the edge emanating to the drafting node is its
up-hook with respect to the current root node. The content of a
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number in the 'Follow-me’ and 'Red' messages such that each node in
M knows at which iterations its neighbors and itself are included. The
yellow nodes in the "Root-migration’ messages are also associated with
/iteration numbers. In this way, a node can forward the message to the
:neighboring node that is in the iteration closest 10 that of the new root
jnodc. The number of hops required in root-migrations can be reduced.

%3.5. Remark

There is no need to wake up all nodes at the beginning. Further,
ithe algorithm is simple such that it i very easy to implement in a dis-
fu'ibuncd processing system. In general, the implementation of a distri-
buted algorithm is much more difficult than that of a sequential algo-
‘rithm. It is more difficult to test, debug, and verify due to the asyn-

chronous nature of the environment. The lack of a global consistent
clock makes the problem even more critical. Therefore, the simplicity

should be considered as a very important parameter in the evaluation
"of distributed algorithms.

i

4. CORRECTNESS AND PERFORMANCE

i 4.1, Correctness

Theorem 1: Algorithm DMST-NJT generates a minimum weight span-
; ning tree for any graph.

Proof: Since each node joins to the MST (M) through a unique edge
(either green or blue) in the tree growing process, a consistent pre-
cedence relationship among these nodes can be defined so that it must
not contain any cycle. Next, we prove that it is a spanning tree. We
assume that there is such a node not being inciuded in M after the
process is terminated. This node must have rejected all "Follow-me’
messages sending by its neighboring nodes and have not been selected
as a root node. However, its neighboring nodes must have reported the
information to the roots in various iterations. In this case, it must
have been selected as a root node. This is a contradiction, therefore.

Finally, we prove that M is a minimum weight spanning tree. In
each iteration of the algorithm, the active fragment itself is a
minimum weight spanning tree (a fragment), because the up-hook
(with respect to the current root node in the active fragment) of each
green node is the minimum weight outgoing edge of the node. It can
be proved using property P4 that, in any iteration, the core connects the
idle fragment and the active fragment into a bigger fragment because
the core is the minimum weight outgoing edge of the idle fragment.
Therefore, it can be proved by induction that the spanning tree
obtained in the last iteration is a minimum weight spanning tree.

4.2. Communication Complexity

The performance of a distributed algorithm is evaluated by the
communication complexity and the time complexity. Because that the
communication complexity, which is measured by the number of mes-
sages, dominates the computation complexity in many applications, the

computation complexity is usually ignored unless it is significantly

high.

The messages needed in this algorithm can be divided into two
sets, the first set for node drafting and the second set for root-
migrations. The first set of messages is exactly 2e regardless of the
topology and at which node the process is initiated. It is shown in our
simulation study that the number of root-migrations in most of graphs
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are only minimal when n is not farge 9 such that the total number of

. messages is close to O(e). However, it is very difficult to find an

analytical estimation for the average number of messages required by
root-migrations. The analysis of the worst case performance will be
presented in the rest of this scction.

The first set of messages is counted as follows. Exactly one
"Follow-me’ message and one reply message (either 'Red’, 'Green’, or
"Yellow’) travel through each edge. These two types of messages travel

‘only one hop and there are 2¢ such messages in total. As a matter of

fact, two adjacent nodes may send 'Follow-me’ messages to each other
at the same time. In this case, no *Red’ message will be replied so that
! the message count will not be changed.

t

Thus, the algorithm necds 2e messages in the best case when
“there is no any root-migration. In Tree-join-tree algorithms, at least
,2¢ + 2nlogn messages are nceded. It is shown in our simulation stu-
‘dies that the number of messages required by our algorithm is very
close 2¢ in most cases since the number of root-migrations is only a
minimal.

Next, we estimate the total number of root-migrations in the
worst case. The worst case happens when all nodes connected {0 a sin-
gle line (d=n-1), every othcr edge is blue, and each 'Root-migration’
message has to travel from one end to the other end of M as shown in
Figure 3. The worst case will not happen when every edge is blue
since each 'Root-migration’ message will travel only one hop in this
case as proved in Lemma 2.1. A root-migrations is called a back-to-
back root-migration if it happens immediately after the previous root-
migration. That is, no green node is generated between the two con-
secutive root-migrations. It is shown in Lemma 2.1 that a back-to-back

root-migration can only happen when two nodes are adjacent to each
other.

S 12 8 10 11 7 13 3
H—--O_O!'O--M--O—O
R4 R2 Rt R3 R5

Figure 3. A worst case problem instance.
(R; is the root of the ith iteration.)

Lemma 2.1: A back-to-back root-migration may only happen between
two adjacent nodes.

Proof: Suppose that a node n, is selected as the new root node at the
end of an iteration and e, is the core connecting n, to the old frag-
ment (the idle fragment) as shown in Figure 4. The weight of e, must
be the minimum of all current yellow edges. Also, there exists at least
one white edge e, incident to n, whose weight is smaller than e, .
Otherwise, n, must be already drafted into M by the node at the
other end of e,. If a back-to-back migration happens, e, must be the
~minimum weight outgoing edge of the new fragment.

i

[}

Figure 4. Proof of Lemma 2.1.



From simulation, we observed that the number of root-migrations
has a complexity of O(n). However, the number of nodes in each
iteration is less than n such that U is still small comparing to nlogn
in the Tree-join-tree algorithms. Also, there is a weak connection
between the degree of graphs and the message complexity since the
number of root-migrations depends on the degree of the graph. For a
constnat n as the degree d increases, then so does the probability of
drafting nodes. Since a root-migration has to take place only if when
no more nodes can be drafted. Note that U shown in Table 1 is almost
independent of d. However, U is only an upper bound for the mes-
sage measure in root-migrations. The real number of messages depends
on the depth of M, rather than the number of node in M. When the
degree increases, the depth of M decreases at a fixed number of node
inM.

It is clear that the upper bound of average messages is smaller
than that of other algorithms when n is moderate. Since U in Table 1
is large when n is large, the comparison is difficult. However, we
would like to suggest to add the iteration numbers in the long-message
method such that the number of hops needed by a root-migration can

be reduced to logIM | level. In this case, the proposed algorithm will
be better than others even if n is large. Another possibility is to use a
hybrid method when n is large that uses the proposed algorithm to
build many smaller fragments and then uses Tree-join-tree algorithms
to combine these fragments into a complete MST.

Table 1  Simulation Results of Average Performance.
n |d[RM] U 1 26+U [ 2e+2U | 2e+5U | 2e+2nlogn | 2e+5nlogn
10| 3] 3.03] 2283 s5283] 7566 | 14445 110 230
10{ 4] 305§ 2738 6738 9476 | 17690 120 240
10| 6{ 40 | 7379( 133.79] 20758 | 42895 140 260
10§ 8] 2.86] 47.95| 12795| 17590 | 319.75 160 280
20{ 3] 7.0 ] 709 | 1309 | 2018 4145 260 560
20| 4| 6.7 | 79.42| 159.a2] 23824 | 47560 280 580
2| 6| 6.37| 9886] 21886 317.72 | 61430 320 620
20| 8] 64 | 1218 | 2818 | 4036 769.0 360 660
50} 4|18.88] 295.04] 495.04] 79008 | 167520 800 1700
50| 6{16.36| 263.84] 563.84] 82768 | 161920 900 1800
50| 8[18.12} 29624] 696.24] 99248 | 1881.20 1000 1900
50]10{15.24] 268.64| 768.64| 1037.28 | 184320 1100 2000
100 4]37.2 | 1220.64] 162064 2841.28 | 650320 1800 3900
100} 6136.2 |1223.68| 1823.68] 3047.36 | 6718.40 2000 4100
1001 8]33.72} 1179.96( 1979.96( 3159.92 | 6699.80 2200 4300
- | 100{10{34.68| 1159.92] 2159.92| 3319.84 | 6799.60 2400 4500

5, CONCLUSION AND FUTURE WORK

A distributed algorithm based on a new Node-join-tree approach
for the minimum spanning tree problem in a communication network
is proposed in this paper. The new algorithm makes a good utilization
of the properties of the minimum weight spanning tree 10 improve the
existing algorithms in the average cases. The new algorithm provides
: a comparative worst case and better best case message complexity than
" the existing algorithms that are based on the Tree-join-tree approach.
iThe algorithm needs at most (2e + n(n~1)/4) messages in o@nd
time. IN many cases, it needs only  O(e) messages in O {logn) time
’ when n is not very large. The proposed algorithm is initalized from a

single node such that there is no need to wake up all nodes at the
beginning. Furthermore, the algorithm is less complicated than other
algorithms such that a reliable implementation is easier to aclﬁcye.

poF
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Simulation resuits show that the average performance of the proposed
algorithm is generally better than other algorithms on regular graphs.

In the future, the methods to reduce the number of hops required
by root-migrations such as the one proposed in this paper will be stu-
died. Also, a hybrid method that combines the Tree-join-tree and
Node-join-tree approaches will be studied to improve the performance
when the long-message method is not applicable.
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Root Node a

Current Node f

Preceding Nodes  a, e

Succeeding Nodes h, i, j

Upward Edges (f.a) . (te)
Downward Edges (f,h), (L), (f.))
Noward Edges {f.c), (t.d), (f.9)
Uphook {f.e)

Downhook (£h), (£.i)

Figure 1. An example of a root_MST on a graph.
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P3.  With respect to any non-root node in a particular roowd-MST.:
the weight of the up-hook is the minimum among all upward
and noward edges.

P4, Given a fragment of an MST, let ¢ be a minimum-weight outgo-
ing edge of the fragment. Then joining e and its adjacent non-
fragment node to the fragment yields another fragment of an
MST.

Property P3 can be easily proved as follows. Assuming that
there exists an upward-edge or noward-edge with a weight smaller than
that of the up-hook of a particular node, we can replace the up-hook
with this edge to obtain another spanning tree with a smaller total
weight. This is a contradiction.

Other properties can be found in Gallager’s paper.” These proper-
ties are useful in designing an efficient algorithm. The proposed

Node-join-tree approach makes a good utilization of Property P3 to
offer better average performance. |

2. PREVIOUS WORK

Current most efficient algorithms are based on Tree-join-tree
approach and are proposed by Gallager, Humblet, and Spira.” The algo-

rithm is then improved by Awerbuch,? Gafni, and Chin and Ting.*.

The communication complexity of these algorithms is O (e +n log n) in
both average and worst cases, where e is the number of edges and n is
the number of nodes. More specifically, they need about (2¢ +Snlog n)
messages. Awerbuch improves the algorithm from nonlinear time com-

“plexity to O(n) time complexity by counting the nodes at the begin-

ning.2 The worst case performance of these algorithms is approaching
the theoretical upper bound.!:2 However, the average case perfor-
mance is yet to be improved. The basic scheme of Tree-join-tree
. approach is described as follows.

The algorithm maintains a set of subtrees, each being a fragment
of the MST to be constructed. Initially, every fragment consists
of a single node. These fragments join to each other until a sin-
gle fragment is found. Every fragment finds its best edge, the
minimum weight outgoing edge, to join (or hook) itself to
another fragment. The algorithm terminates when a complete
MST is constructed.

One deficiency of this approach is the need to wake up all nodes
either synchronously or asynchronously to initiate the algorithm. This
initial wake-up process needs extra messages and may be impractical in
real distributed computing systems. Another deficiency is the need to
identify the minimum weight outgoing edge for each fragment gen-
erated in the intermediate stages. Each identification process may need
n messages in the worst case. This process makes the distributed algo-
rithm more complicated and may hurt the resiliency of the system.

This minimum weight outgoing edge identification induces a
significant communication overhead explained as follows. The process
essentially is to identify the edge that satisfies the conditions of Pro-
perty P4 such that the fragment can be expanded. This process must
be performed every time a new fragment is formed. As a matter of
fact, the communication complexity of Tree-join-tree approach is dom-
inated by these minimum edge identification processes.

After examining property P3 carefully, it is clear that it is easier
for the down-end node of an edge to decide whether or not o include
the edge into the MST. This decision is made at the up-end node in the
Tree-join-tree approach and is made at the down-end node in the
Node-join-tree approach. Nodes, instead of trees, hook themselves to a
single MST fragment (M) until an MST is completely constructed. In
the algorithm execution, the terminal nodes of M try to draft their
neighboring nodes into M. Each neighboring node decides to hook
itself to one of the drafting nodes based on its own local information.
This decision is fairly easy to make as to be described in Section 3.
This basic difference makes the Node-join-tree approach more efficient
than the Tree-join-tree approach in the majority of cases. There is no
need to wake up all nodes at the beginning. Furthermore, the algorithm
is easier to implement in a distributed system.

3. PROPOSED ALGORITHM

In this section, we detail the proposed algorithm. The communi-
cation network model and the overview of the algorithm are described
briefly in Section 3.1 and Section 3.2.

-3.1. Communication Network Model

The concerned communication network is the standard model of
static asynchronous networks.” This is a point-10-point message (or
packet) switching communication network, represented by an
undirected graph G(V,E) where the set of nodes V(IVi=n)
represents the switching elements of the network and the set of edges

E(IEl=e) represents bidircctional communication links operating

i between neighboring nodes. Each edge is associated with a weight,
"which is system dependent. Each node knows only the edges

emanated from itself. Nodes are labeled, but edges may not. Nodes

: communicate with each other by exchanging messages which are for-

“warded from node to node. It is assumed that a message takes one unit

‘time to travel from the end of an edge to the other end (one hop). Due
‘to the networking overhead, this assumption remains valid regardless

the message length up to a centain limit.

3.2. Overview of the Algorithm

Starting from any node, an MST fragment (M) grows from a sin-
gle node to a complete MST itcratively by drafting nodes into M. In
each iteration, each terminal node of M tries to draft more nodes into
M by sending a 'Follow-me’ message to each of its neighboring
nodes except its preceding node. Each neighboring node decides
whether or not to hook itself to M as a new terminal node based on
its own local information. The new terminal nodes continue the draft-
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"Green’ message depends on which  minimum weight
identification method is used. If the short-message method is

used, it is only a simple message. Otherwise, it contains more
information as to be described in Section 3.4.

5. Upon receiving all replies from all descending nodes, the root
node will terminate the process if all nodes are already in M,
that can be determined when there is no yellow node is reported.
Otherwise, a new root node must be selected to continue the pro-
cess. The yellow edge with the minimum weight is chosen as
the ’core’ of next iteration and is marked blue. The node on the
far end of the core is then designated as the new root node and is
mark blue. Finally, a "Root-migration’ message is sent to the new
root node and the new root node continues the process by execut-
ing Step 1. The root change is referred 1o as a root-migration.
For convenient, the old M is referred to as the idle fragment.
The sct of nodes and edges that join to M aficr the latest root-
migration is referred to as the active fragment. The minimum
edge identification and root-migration are detailed in Section 34,
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Figure 2. An example of MST growing process in algorithm
DMST-NIJT.

An example of the algorithm executed on a 7 node graph is

shown in Figure 2. As we can see from the algorithm, the decision to
" hook a node to M is totally based on the node itself. There is no need
t to invoke a distributed process to make such decisions unless a root-
. migration is needed. Since the weights of edges need not to be dis-
 tinct, more than one minimum weight edge may emanate from a node.

In this approach, the node may hook itself to any of such minimum

weight edges. However, hooking to the first node that sends the
‘Follow-me’ message along one of such edges will reduce unnecessary
root-migrations.

3.4. Root-migration

As mentioned in Scction 2.2, the short-message method will not
be discussed here since it is a well studied method.” This section will
concentrate on the long-message method. In this method, the yellow
node information is contained in the 'Green’ message and is pro-
pagated to the root node such that the new core and the new root node
can be selected in the current root node itself. The content of the mes-
sages, the refinement of messages, and the routing algorithm of
’Root-migration’ messages are discussed in this section.

The 'Green’ message reported by a green node consists of the
identities of all yellow nodes and green nodes in the subtree rooted by
the node. Each yellow node is associated with the weight of the yel-
low edge connecied to the node. There is a possibility that a yellow
node sends inconsistent replies to different drafting nodes. Thus, each
green node has to refine the information to eliminate the redundancy
and inconsistency before it forwards the information to its parent node.
In the refinement, if a node is ever marked green in any message
reported by one of the descendent, the node will be marked as green.
If a node is marked as yellow in all messages, the node will be marked
yellow and only the reply with the minimum weight will be kept.
Thus, each yellow node is associated with only one weight after the
refinement.

It is essential to report the identities of green nodes to the
preceding nodes. A node would be considered a yellow node if no
green message is reported. In the root node, the identities of green
nodes will be removed after the yellow node information is refined.

Because the number of green nodes will be much more than the
number of yellow nodes, the identities of green nodes in 'Green’ mes-
sages may present a great burden on the communication system. It can
be reduced by a simple mechanism as follows. When a green node
reports its identity to its parent node, it will report the number of 'Yel-
low’ messages it has sent. This number will be reduced by one each
time a yellow node information is removed. The green node informa-
tion can be removed if this number is reduced to zero.

Since the global topology of the network is not known to any
node, it is important to embed a distributed routing mechanism in the
algorithm (o forward the 'Root-migration’ messages to their destina-
tions. The routing is done similar to the most of routing algorithms in
packet switching communication network. The entry associate to a par-
ticular yellow node in a routing table is the edge that the particular
yellow node can be reached. The routing table can be set up from the
'Green’ and ’Yellow’ messages received by a node. When a green
node receives a 'Green® or a ’Yellow’ message through a particular
edge, the yellow nodes included in the message can be reached from
this edge. The routing table will be updated accordingly. If a "Root-
migration’ message is to be forwarded to one of these yellow nodes,
the corresponding edge will be chosen to forward the message. Other-
wise, the message will be forwarded to its preceding node. Note that
the precedent relationship mentioned here is referred to the original
relationship when it is defined at the first time. In this way, there is

‘no need to update the routing table. This routing mechanism may

need up to n hops to forward a "Root-migration’ message in the worst
case, especially, when the mcssage is forwarded from the root node of
a very late iteration to a yellow node of a very early iteration. One
way to improve the routing mechanism is to incorporate the iteration




Each back-to-back 'Root-migration’ message travels only one
hop. From Lemma 2.1, it is easy to derive that the maximum number
of multi-hop root-migrations in a graph is at most ([n2]-1).

Lemma 2.2: For any given graph, there are at most ([n/2]-1) multi-
hop 'Root-migration’ messages in Algorithm DMST-NJT,

i

Proof: From Lemma 2.1, we know that a multi-hop root-migration
must not be a back-to-back root-migration. Thus, there is at least one

i node marked green before a multi-hop root-migration. Since each

; blue node must be adjacent to at least one while node before it is

"included into M, the last node to be included into M must not be a
blue node. If there were more than ([n/2]-1) multi-hop root-migration
generated, the total number of nodes would be greater than n including
the first root node. This is a contradiction.

ju]
Using the same argument, it can be shown that the single-hop

root migration will not happen when there are ([n/2]-1) multi-hop
root-migrations.

Finally, we estimated the number of messages nceded in each
root-migration. If the short-message method is used in the minimum
outgoing edge identification, the total number of messages needed in
each root-migration will be at most 5I1M 1, as proved in Gallager’s.” If
the long-message method is employed, the number of messages needed
will be reduced.

The dependency between the upper bound of IM | and the
number of multi-hop root migrations is shown in Lemma 2.3.

Lemma 2.3: The number of nodes in any fragment M at i th multi-hop
root-migration in an execution of Algorithm DMST is less
than or equal to (n—1y-2(R,—i), where R, is the total
number of multi-hop root-migrations in the execution.

Proof: As shown in Lemma 2.2, the last node to be included into M
must not be a blue node. Following the argument in Lemma 2.2,
there must have 2(R,,—i) more nodes not in M for the other (R,,~i)
multi-hop root-migrations.
o

Following the same argument, the upper bound of the number of
yellow edges in each root-migration is obtained in Corollary 2.3. This
is useful to estimate the message length.

Corollary 2.3: The maximum number of yellow nodes in any 'Root-
migration' message is at most (n-1)—(R—~i) or (n=1)-2(Ry i), where
R is the total number of root-migrations and R, is the total number
of multi-hop root-migrations in the execution.

The message complexity when the long-message method is used
is now shown in Theorem 2.

Theorem 2: Algorithm DMST-NJT needs at most (2e + n{n-1)/4)
messages if the long-message method is used in the
minimum weight outgoing edge identification.

. Proof:
@)

It needs 2¢ messages for 'Follow-me’ and replying messages as
described before.

In the worst case, that there are at most ([n/2]-1) multi-hop

(b).
! root-migrations and no back-to-back root-migrations. Each

multi-hop "Root-migration’ message travels a distance at most
M -1, Furthermore, each multi-hop migration will include a
new green node and a biue node into M . The number of hops the
'Root-migration’ message travels in the i th iteration will be at
most 1M 1-1 < ((n—1)-2(Jn/2]-1-i)). Let m; to be
(n~2)-2([n/21~1-i), the total number of messages in root-
migrations is at most
far2]-1 [nr2]-t
2 m< 1 Qi-1) < ([n2]-Dn-12 < n(n-1y4.
= =
a

From the proof of Theorem 2, it can be easily seen that the
length of a 'Root-migration’ message is not a problem if the number of
multi-hop root-migration is high. In the worst case, in which the
number of root-migration is ([n/2]-1), at most one yellow edge is
added to M, and onc ycliow edge is changed 1o bluc in each root-
migration. Thus, the number of yellow nodes needed to be carried in
each 'Root-migration’ message is at most two. Although the message
length may be longer in other cascs, the number of 'Root-migration’
messages and the distance to travel will be much smaller.

In the average case, the number of remote root-migrations will
be less than that in the worst case ([n/2]-1), since the average size of
a fragment is usually greater than one and the number of hops for a
'Root-migration’ message to travel is far less than IM |. Therefore,
the 'Follow-me’ and ’reply’ messages will dominate the overall com-
munication overhead in the average case.

4.3. Time Complexity

To discuss the time complexity, we differentiate between the
time for node drafting and the time for root-migrations. The root draft-
ing is a concurrent process, each node receives at most one 'Follow-
me’ message and replies one message at most. Thus, it needs 2n steps
at most. On the other hand, root-migration is a sequential process. So
the time complexity is the same as the message complexity in the
worst case, which is O (n2).

In the best case when there is no root-migrations and the graph is
not skewed, ( that is, the diameter of the graph is not close to n), it

will need only 2logn steps. The time complexity in the best case will
be in the order of O (logn).

4.4 Average Case Performance

Because it is extremely difficult to estimate the performance of
the algorithm in the majority of cases, average performance is analyzed
using simulation study. For each given number of nodes, we simulate
the algorithm on 20 random regular graphs of various degrees and ran-
domly select 10 different initial root nodes. (Whenever nd is odd, one
node may not have the same degree.) Simulation results show that the
number of messages is less than the Tree-join-trec algorithms when
either long-message or shor-message minimum outgoing edge
identification methods are used. Table 1 shows the summary of simula-
tion results. RM is the average number root-migrations, and U is

number of green nodes,

all iterations

_ which can be used to estimate the upper bound of the messages needed

in both short-message method and long-message method. When the
short-message method is used, the number of messages required is at

! most 2¢ + SU: while in the long-message method is at most 2¢ + U.

. The simulation results are detailed in.?







